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Abstract. We introduce topological contact dynamics of a smooth manifold 
carrying a cooriented contact structure, and a group of contact homeomor- 
phisms, generalizing previous work in the case of a symplectic structure IMO07| 
or a contact form IBSllal . A topological contact isotopy is not generated by 
a vector field; nevertheless, the group identities, the transformation law, and 
classical uniqueness results in the smooth case extend to topological contact 
isotopies and homeomorphisms, giving rise to an extension of smooth contact 
dynamics to topological dynamics. Our approach is via symplectization of 
a contact manifold, and our main tools are an energy-capacity inequality we 
prove for contact diffeomorphisms, combined with techniques from measure 
theory on oriented manifolds. We establish nondegeneracy of a Hofer-like bi- 
invariant pseudo-metric on the group of strictly contact diffeomorphisms con- 
structed in BD06 , with no restriction on the contact form. The topological 
automorphism group of the contact structure exhibits rigidity properties anal- 
ogous to those of symplectic diffeomorphisms, including C'^-rigidity of contact 
and strictly contact diffeomorphisms. Other consequences are the extension of 
a non-vanishing contact invariant defined in IBanOO| in the smooth case, and 
proper essentiality of the topological automorphism group. 



Dedicated to the memory of our friend Lee Jeong-eun. 

1. Introduction 

Suppose a Hamiltonian diffeomorphism </) of a symplectic manifold (W, uj) is 
generated by a compactly supported Hamiltonian, and displaces a compact subset 
K C Int W containing an open ball. The energy-capacity inequality from [LM95] 
implies 

(1.1) < ^c{K) < E{4>), 

where the symplectic capacity c{K) is the Gromov width of and E{<j)) denotes 
the energy or Hofer norm of 0. The nondegeneracy of the Hofer metric |Hof90j 
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follows immediately. The displacement energy of if , or minimal energy required to 
displace K from itself, is the infimum of E{(j)) over all Hamiltonian diffeomorphisms 
4> as above, and by inequality it is bounded from below by one- half the ca- 

pacity of K. It satisfies the axioms of a normalized relative symplectic capacity for 
subsets of standard symplectic M^" . The existence of a symplectic capacity c is suf- 
ficient to prove the Gromov-Eliashberg C^-rigidity of symplectic diffeomorphisms, 
which means if a sequence of symplectic diffeomorphisms converges uniformly to 
another diffeomorphism of W, then the limit is again symplectic |Gro86[|Eli87] . It is 
therefore consistent to define a symplectic homeomorphism (or topological automor- 
phism) of the symplectic structure ui, to be the limit of a C^-convergent sequence of 
symplectic diffeomorphisms |MO07j . This closure forms a subgroup of IIomeo(VF), 
denoted by Sympeo(VF, w), and the Gromov-Eliashberg C°-rigidity of symplectic 
diffeomorphisms can be stated succinctly Sympeo(W^, w) n Diff(I^) = Symp(W^, w). 

One goal of the present paper is to adapt these results to contact manifolds. To 
that end, we prove an energy-capacity inequality for contact diffeomorphisms. 

Theorem 1.1 (Contact energy-capacity inequality). Let (A/, ^) be a contact man- 
ifold with a contact form a. Suppose the time-one map (j)]^ G Diffo(M, ^) of a com- 
pactly supported smooth contact Hamiltonian H : [0, 1] x M — > R displaces a compact 
subset K C Int Af containing an open ball. Then there exists a constant C > 0, 
independent of the contact isotopy its conformal factor h: [0, 1] x A/ — > R 

given by ((/)*^)*a — e^'^*'''^a, and the contact Hamiltonian H, such that 

< Ce-I'^l < \\H\\. 

The constant C is determined by the displacement energy of the Cartesian prod- 
uct of the set K with an interval in the symplectization Af x M of {M,a), and 
depends on the contact form a. See sections [21 HI and [S] for details. As a conse- 
quence, we prove nondegeneracy of the bi-invariant pseudo-metric on the group of 
strictly contact diffeomorphisms defined by A. Banyaga and P. Donato in |BD06] . 

Theorem 1.2. Let M be a contact manifold with a contact form a. The function 

Diffo(Af, a) X Diffo(Af, a) ^ R, (0, ^) ^ E{4>~^ o i}}) 

defines a bi-invariant metric on Diffo(Af, a). 

See section [TU] for the definition of the contact energy E and for the proof. 
Moreover, we establish the following analog of symplectic C°-rigidity for contact 
diffeomorphisms. 

Theorem 1.3 (Contact C'^-rigidity) . Suppose (pi is a sequence of contact diffeo- 
morphisms of a contact manifold (Af, ^), with 4)*a = e^^a, where a is a contact 
form with kcra = ^. Further assume that the sequence (pi converges uniformly on 
compact subsets to a homeomorphism (p, and the sequence of functions hi converges 
to a continuous function h uniformly on compact subsets. If (p is smooth, then h is 
smooth, and (p is a contact diffeomorphism with (p*a — e^a. 
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The uniform convergence of the conformal factors hi does not depend on the 
choice of contact form a with ker a = ^. We define the group Aut(M, ^) of topologi- 
cal automorphisms of the contact structure ^, analogous to the group Sympeo(W, uj) 
above. The contact C^-rigidity theorem can then be stated in succinct terms 
Aut(A/,0 n Diff(A/) = Diff(M,C). See sections [6] and [IH for details. 

This article is part of a series of papers on topological contact dynamics, and 
serves as an introduction to the theory. We define topological contact isotopies 
and conformal factors, and show that both are determined uniquely by a topolog- 
ical contact Hamiltonian. Composition and inversion of isotopies, as well as the 
transformation law, extend from smooth to topological contact dynamics. 

In section[2l we review the necessary elements of contact geometry needed in sub- 
sequent sections, with focus on the dynamics of a contact vector field. Similarly, 
section |3] treats symplectic and Hamiltonian geometry, the even-dimensional analog 
to contact geometry, and the dynamics of a Hamiltonian vector field. This section 
also contains a summary of compactly supported topological Hamiltonian dynam- 
ics. Many outstanding monographs exist in the literature that develop smooth 
Hamiltonian and contact dynamics from a modern standpoint. We have been in- 
fluenced particularly by the books |MS98l IHZMI iPoIOTl IEan97l IGeiOSl iBlaTO) . For 
the theory of topological Hamiltonian dynamics, we refer to the articles |MO07[ 
IMiilOSbi IVit06a| IBSllbj . The intimate relationship between contact and Hamilton- 
ian dynamics via symplectization, explained in section |4l is the guiding principle in 
adapting topological Hamiltonian dynamics to topological contact dynamics. The 
reader familiar with symplectic and contact geometry may skip these introductory 
sections at first reading, but should refer to them for our sign conventions and the 
notation used throughout this article. 

After proving the contact energy-capacity inequality in section [5l topological 
contact dynamics is introduced in section [S] This section contains the main results 
of topological contact dynamics in this paper, with some of the more involved proofs 
postponed to later sections. We also explain topological Hamiltonian dynamics of 
the (noncompact) symplectization of a contact manifold. An extensive motivation 
for the study of topological Hamiltonian dynamics can be found in jMO07[ IMiilOSaj , 
which applies almost verbatim in the contact case. In addition to the applications 
in this article, the close relationship between the two theories via symplectization 
serves as another driving force for pursuing the study of topological contact dynam- 
ics. Reducing dimension on the other hand, topological strictly contact dynamics 
of a regular contact manifold M is closely related to Hamiltonian dynamics of the 
quotient of M by the Reeb flow jBSllaj . A more detailed discussion will appear in 
the sequel [MS lie] to this paper. 

In section[7l we prove the previously stated main uniqueness theorems. As in the 
Hamiltonian case in |MO07| , the energy-capacity inequality plays the key role in the 
proofs. Examples illustrating that all of the convergence hypotheses in the definition 
of topological contact dynamics and in the uniqueness theorems are necessary are 
given in section [8l The group properties of topological contact dynamical systems. 
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topological contact Hamiltonians, and topological contact isotopics and their time- 
one maps, are proved in section |9l The proof of the transformation law can be 
found there as well. 

In section I10[ we prove the existence of a bi-invariant metric on the group of 
strictly contact diffeomorphisms, with no restrictions on the contact form. This 
generalizes a theorem of Banyaga and Donato to any contact form a. However, 
for the group of contact isotopies, we show by example the failure of the triangle 
inequality, and thus the distance on the group of strictly contact isotopies does not 
extend in this case. Our construction is local in nature, and thus applies to any 
contact manifold. A second explicit global example on the three-sphere with its 
standard contact structure is given in the appendix. Section [11] studies the groups 
of topological automorphisms of a contact structure ^ and of a contact form a, 
which are the analogs to the group Sympeo(W, a;) of topological automorphisms of 
a symplectic structure oj. In this section, we also prove the C°-rigidity of contact 
and strictly contact diffeomorphisms, and other consequences of the properties of 
topological automorphisms. See also section [121 A brief outlook into the sequels to 
this work is undertaken in the final section [TS] 

Some of the sections can be read mostly independently of the rest of the paper. 
We mention in particular sections [5l [3 HI [TOl [Til [l2l and Appendix [XI which are 
of particular relevance in smooth contact dynamics. 

2. Review of contact geometry and contact dynamics 

Let (M, ^) be a smooth manifold of dimension 2n — 1, with a cooriented nowhere 
integrable field of hyperplanes ^ C TM . The contact structure ^ can be written 
^ = kera, where the contact form a is a smooth one-form on M such that Va = 
a A (da)"^^ ^ 0. Unless mentioned otherwise, the manifold M is always assumed 
to be closed, i.e. compact and without boundary. See the remarks at the end of 
section[6]for the case of open manifolds, that is, those manifolds that are not closed. 
For simplicity, we assume throughout that M is connected. We fix a coorientation 
of ^, and hence an orientation of M. Then any other contact form a' on (M, ^) can 
be written a' = e-^a for a smooth function / on AI . A diffeomorphism (j) is called 
contact if it preserves the contact structure, and this is equivalent to the existence 
of a smooth function h: M — > R such that 

(2.1) (j)*a = e''a. 

We denote the group of contact diffeomorphisms by Diff (Af, ^), and the subgroup of 
contact diffeomorphisms isotopic to the identity inside Diff (M, ^) by Diffo(M, ^). In 
their book [MS98|. D. McDuff and D. Salamon ask if a C°-characterization of con- 
tact diffeomorphisms exists. Non-squeezing results and the existence of capacities 
depend in a more subtle way on the topology of the underlying contact manifold. 
We refer the reader to jEKP06| . 

The Reeb vector field R defined by a is the unique vector field on M in the kernel 
of da satisfying L{R)a = 1, where t denotes interior multiplication or contraction of 
a differential form by a smooth vector field. An isotopy $ = {4't}o<t<i is a contact 



TOPOLOGICAL CONTACT DYNAMICS I 



5 



isotopy, if there exists a smooth family of functions ht'- M — >■ M satisfying 

(2.2) = e'^'a. 

$ is contact if and only if the smooth vector fields Xt — {-^(pt) o 4>t^ form a 
family of contact vector fields, meaning the Lie derivative of a along Xt satisfies 
CxtOL = /ijsfjQ!, for a smooth family of functions p^-Xt'- -M — >■ R. In contrast to 
a symplectic isotopy, a contact isotopy is always 'Hamiltonian', and the contact 
Hamiltonian function iJ : [0, 1] x M — > R is determined at each time t by the 
equation t(Xt)a = Ht = H{t, •). Conversely, given a smooth family of functions 
Ht'. M — > R, the equations 

(2.3) L{Xt)a = Ht and L{Xt)da = {R.Ht)a - dHt 

define a smooth family of contact vector fields Xt, whose fiow satisfies equation (12.21) . 
and fj,Xt — R Ht- Here we write R.H = dH{R) for the derivative of the smooth 
function H in the direction of the Reeb vector field R. The function h satisfying 
equation (j2.1l) is called the conformal factor of the contact diffeomorphism (j), and 
the time-dependent function h: [0, 1] x M — >■ R defined by (|2.2p and h{t, ■) — ht is 
called the conformal factor of the isotopy It is related to H through the identity 

(2.4) ht^ f {R.Hs)ocb'Hds. 

Jo 

A contact isotopy $ will often be denoted by = {'Ph} provided equation ()2.3|) 
holds, and similarly for the contact vector field Xh- The group of smooth contact 
isotopies is labeled PDifF(M, ^). The notation H i— > and H i— > 0^ is short-hand 
for writing H generates the isotopy and the time-one map 0^, respectively. 

A contact diffeomorphism (j) is called strictly contact if it preserves not only 
the contact structure ^ but also the contact form a, that is, (t>*a = a. If is 
a contact diffeomorphism satisfying equation ()2.ip . then (j)*i'a — e^^Va- Thus a 
contact diffeomorphism is strictly contact if and only if it preserves the volume 
form Va- A contact isotopy {(/>(} is strictly contact if is strictly contact for each 
time t, or equivalently, its conformal factor h: [0, 1] x Af — > R is identically zero. A 
smooth function H : [0, 1] x M — >■ R is called basic if R.Ht = 0, or Ht is invariant 
under the Reeb fiow, for all t. Then a contact isotopy is strictly contact if and 
only if its generating contact Hamiltonian H is basic. The groups of strictly contact 
diffeomorphisms and strictly contact isotopies are written Diff(A/, a) C Diff(M, ^) 
and PDiff(M,a) C PDiff(M,^), respectively. 

We recall some other facts about diffeomorphisms, vector fields, and contact 
isotopies |LM87| . The proofs of the next two lemmas are widely known. 

Lemma 2.1. Let (j) and ip be diffeomorphisms of a smooth manifold M , (3 a dif- 
ferential form, and X a vector field on M. Then t(0*Ar)/? — {(j)^^)* {i{X)4>* fi) . If 
there exist smooth functions h and g on M , such that (f>* fi — e^ fi and ip* /3 — e^ f3, 
then {(j) o tPYP = e^°'^+9/3, and (^i'^)*/? = e-'*°'^"'/3. 
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Lemma 2.2 (Contact Hamiltonian group structure). Suppose that H i— > and 
F 1-^ ^F- The following smooth functions generate the indicated contact isotopies. 

Hi^F ^ $H o {H^F)t =Ht + (e'*' • Ft) o (0^)-\ 

if $^1 = {(0*,)-!}, Ht = -e-"' • {Ht o 0*,) , 

H#F ^ o (H4^F)t = e^''-' • ((i^t -Ht)o^*j,), 

K ^ (t>^^ o^HO (/), Kt = e-^Hto4))^ 

for (j) G Diff(A/, ^) with (j)*a = e^a. Here composition o is to be understood as 
composition of the dijfeomorphisms at each time t. 

We call a triple {^,H,K) a smooth contact dynamical system if $ = is 
a smooth contact isotopy with contact Hamiltonian H and conformal factor h, 
and denote the group of such triples by C'DS{M,a). The subgroup of smooth 
strictly contact dynamical systems ($,ii, 0) is denoted by SC'DS{M,a). As we 
have seen above, the smooth isotopy $ and the contact form a together uniquely 
determine the contact Hamiltonian H and the conformal factor h, and conversely, 
given a contact form a, the Hamiltonian H uniquely determines both $ and h. 
This correspondence depends on the choice of contact form. However, the groups 
of contact diffeomorphisms and of smooth contact isotopies do not. More precisely, 
we have the following lemma, whose proof is straightforward. 

Lemma 2.3. Let a and ct' — e^a be two contact forms on a contact manifold 
(M, ^). //(<&, H, h) £ C'DS{M, a) is a smooth contact dynamical system with respect 
to the contact form a, then ($, e^H, /i + (/ o $ — /)) g C'DS{M, a') is a smooth 
contact dynamical system with respect to the contact form a' . 

Here the notation / o $ stands for the function whose value at {t, x) G [0, l]x M 
is {fo^)[t, x) — f{t, (j)t{x)). When a contact form a on (M, ^) is chosen, we always 
assume the contact Hamiltonian and conformal factor of a smooth contact isotopy 
are determined by this contact form a. Moreover, even when no contact form is 
selected explicitly, writing $ — for a contact isotopy $, a contact dynamical 
system {^,H,h), or calling H the contact Hamiltonian of $ and h its conformal 
factor, implies the choice of a contact form a, which is fixed for the remainder of 
a particular statement or short discussion, unless explicit mention is made to the 
contrary. 

The length [BSllaj of a contact isotopy of (M, ^) is defined via its contact 
Hamiltonian iJ : [0, 1] x A/ M to be 



(2.5) 



£{^h)^\\H\\= [ ( max H {t, x) - mm H{t,x) + \c{Ht)\] dt, 



where c(-) denotes the average value of a function M — R with respect to the 
measure induced by the volume form i/q, i.e. 

(2.6) c{Ht) f Htv^. 

Jm Jm 
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We also refer to ||iJ|| as the norm of H . For later reference, we observe a simple 
fact. For an autonomous function H on M, the oscillation maxiJ(a;) — niiniJ(a;) 
on M is denoted by osc{H). 

Lemma 2.4. The norm osc(iJ) + |c(iJ)| is equivalent to the maximum norm \H\ — 
max |i?(a;)| on M . 

Proof. \H\ < osc(iJ) + |c(i?)| < 3|iJ|. These inequalities are sharp. □ 



We prefer the norm || • || defined by equation (|2.5|) . since it closely resembles 
the choice of norm of a Hamiltonian function on a symplectic manifold in the 
next section. This relation is most prominent when (M, a) is the total space of a 
principle 5'^-bundle over an integral symplectic manifold (BSllaj . The choice of 
norm in the Hamiltonian case is explained in |MO07| . For reasons that will soon 
become apparent, on the space of conformal factors h: [0, 1] x i\/ R however, we 
instead work with the maximum norm 

(2.7) \h\ = max max\h{t, x) \ . 

0<t<l xGM 

Since the Hamiltonian H oi a, given smooth contact isotopy depends on the 
contact form a, so does its length defined by (|2.5p . It is straightforward to show 
these norms are equivalent. 

Lemma 2.5. Let a he a contact form on {M,£^), and f a smooth function on M. 
Then there exist positive constants c{f) and C{f) that depend only on f , such that 

cif)-\\H\\<\\efH\\<Cif)-\\H\\ 

for any function H : [0, 1] x M — >■ M. In particular, for any two contact forms on 
(M,^), the induced length functions on the group of smooth contact isotopies are 
equivalent. Moreover, if a collection of smooth functions fi is uniformly bounded 
independently of i, \ fi\ < c < oo, then the constants c{fi) and C{fi) can he chosen 
independently of i . 

Proof. By Lemma [2^ one can choose c(/) — and C{f) ~ Se'-'^l. □ 

Given a smooth contact isotopy $, its conformal factor h also depends on the con- 
tact form a, and transforms under a change of contact form according to Lemma [2.3l 
The behavior of this change of the conformal factors of a convergent sequence is 
explained in Lemma 16.31 

A choice of Riemannian metric gM on (any smooth manifold) M gives rise to a 
distance function du on M , and thus on the spaces Homeo(M) of homeomorphisms 
and PHomeo(M) of isotopies of homeomorphisms. For two homeomorphisms (j) and 
■0 of (a compact manifold) M, we have 

dMi(t),-ip) = ma-xdMi(t){^),ip{x)), 

and this uniform distance induces the compact-open topology. In particular, the 
topology is independent of the initial choice of Riemannian metric. The metric dM 
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is not complete, but it gives rise to a complete -metric du that induces the same 
topology, where 

dMi4',il^) = dM{(f>,iJ-') +dM(0~\V'~^)- 

Both metrics dn and dn define distances between isotopies $ = {(pt} and "if = {ipt}, 
equal to the maximum over all times t of the distances of the time-f maps 0t and 
ipt, and again the metric 

dM{^,'i') = max^dM{<l>t,'4't) 

is complete, while (iA/(<i',^) is not. However, if a sequence of isotopies con- 
verges uniformly to an isotopy of homeomorphisms $, or in other words, a limit 
in PHomeo(A/) with respect to the distance dM exists, then this sequence is also 
Cauchy with respect to the distance dM, and C°-converges to the isotopy $. More- 
over, composition and inversion are continuous with respect to the C'^-metric. The 
same remarks apply to sequences of homeomorphisms. 

A Cauchy sequence of smooth time-dependent functions with respect to the 
maximum norm | • | in equation (|2.7p converges to a continuous time-dependent 
function h: [0,1] x A/ — > R. On the other hand, a Cauchy sequence of smooth 
contact Hamiltonians converges with respect to the norm || • || in equation (|2.5p to a 
so called L*^^'°°^-function H: [0, 1] x Af — > M. This function may not be continuous 
but only in the time variable t e [0, 1]. However, by standard arguments from 
measure theory, Ht is defined for almost all t g [0, 1], and is a continuous function of 
the space variable x G M for each such t. Thus it can be thought of as an element of 
the space of functions L^{[0, 1], C°(M)) of L^-functions of the unit interval taking 
values in the space C'~'{M) of continuous functions of M. Strictly speaking, such 
a function should be thought of as an equivalence class of functions, where two 
functions are considered equivalent if and only if they agree for almost all t G [0, 1], 
but as is customary in measure theory, we will mostly disregard this subtlety in our 
treatment, and speak of an •'-function when it can not lead to any confusion. 
The function H can be defined to be any continuous function on M at the remaining 
times t belonging to a set of measure zero. 

3. Review of Hamiltonian geometry and Hamiltonian dynamics 

Let (W, uj) be a smooth manifold of even dimension 2n, equipped with a sym- 
plectic form uj. That is, the two-form a; is closed and nondegenerate, i.e. w" 7^ 0, 
and in particular induces an orientation of W. Again unless explicit mention is 
made to the contrary, W is assumed to be closed, and for simplicity, we only con- 
sider manifolds that are connected. If (p*uj = e'*w for a smooth function h on W, 
that is, if a diffeomorphism conformally rescales the symplectic form w, then h 
must be constant because w is closed, and by compactness, this constant is equal 
to zero. A diffeomorphism that preserves the symplectic structure uj is called a 
symplectic diffeomorphism. The group of symplectic diffeomorphisms of ( W, w) is 
denoted Symp(T4^, cj) — {(f> £ Diff(VF) | (/)*a; = uj}, and its identity component is 
Sympo(T^,cj). 



TOPOLOGICAL CONTACT DYNAMICS I 



9 



The unique feature of a smooth Hamiltonian dynamical system of a symplectic 
manifold ( W, uj) is that it is defined up to normalization by a smooth time-dependent 
function H : [0, 1] x — K. We recall the aspects of smooth Hamiltonian dynamics 
that we will need in the following, and of topological Hamiltonian dynamics to put 
the approach taken in section |6] in perspective. 

The nondegeneracy of the symplectic form tu implies that to a smooth time- 
dependent Hamiltonian function iJ : [0, 1] x — M is associated a unique time- 
dependent vector field Xh = {Xj^}, defined by the equation 



and the isotopy $h = {0//} generated by Xj^ is by definition the solution to the 
ordinary differential equation 



On the other hand, suppose for a smooth family of vector fields Xt = {■^4>t) ° 4>7^y 
generating an isotopy $ — {0f} with (f)Q = id, the one- form L.(Xt)uj is exact at 
each time t. Then there exists a unique normalized smooth Hamiltonian function 
H : [0,1] X W R satisfying the identity L{Xt)u! = dHt- For closed symplectic 
manifolds, a time-dependent function is normalized if it has average value zero at 
each time t, with respect to the Liouville measure induced by the volume form 
w", whereas if M is open, the Hamiltonians under consideration are compactly 
supported in the interior. We assume throughout that all Hamiltonians are nor- 
malized, so that there is a one-to-one correspondence between smooth Hamiltonian 
isotopies and smooth Hamiltonian functions. As in the contact case in the previous 
section, we write _ff $ when the isotopy $ = $if is generated by the smooth 
Hamiltonian H, and similarly i— > if the time-one map of the isotopy is cj) — 4>\j. 

Lemma 12.21 holds verbatim, except that the conformal factors are all identically 
zero in this case. We denote by H'DS{W, uj) the collection of pairs ($, H), where $ 
is a smooth Hamiltonian isotopy, generated by the smooth normalized Hamiltonian 
function H : [0, 1] x — )■ K, and call H) a smooth Hamiltonian dynamical system 
of the symplectic manifold {W,oj). The spaces of smooth Hamiltonian dynamical 
systems, smooth Hamiltonian functions, and smooth Hamiltonian isotopies and 
their time-one maps, all form groups. The latter is denoted by Ham(T^, w), and is 
a normal subgroup of the group of symplectic diffeomorphisms of (W, uj) . 

The norm used to define the metric on the space of normalized Hamiltonian 
functions is the usual Hofer length or Hofer norm 



which is in fact the same as (|2.5p since the Hamiltonian H has mean value zero. 

The vital aspects of the smooth theory are the one-to-one correspondence be- 
tween isotopies and Hamiltonian functions, the group identities, and the energy- 
capacity inequality. The latter two play a crucial role in establishing the Hofer 



L{Xjj)uj = dHt 



rn - id. 



(3.1) 




min H{t, x) ] dt, 
xew I 
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norm on Hain(lV,w), where by definition 

ll^llHofor = E{(f)) = inf ||i?||Hofoi- 

The first step towards defining a topological Hamiltonian dynamical system is 
the proper choice of metric on the group of smooth Hamiltonian isotopies. Indeed, 
only a combination of the dynamical Hofer length and the topological C^-distance 
yields such a metric dham on the group of smooth Hamiltonian isotopies. Let 
and be two smooth Hamiltonian isotopies, and set 

This Hamiltonian metric is no longer bi-invariant, but the upshot is that the c?ham- 
completion of the group 'H'DS{W,uj) results in a group of pairs H), where $ is 
an isotopy of homeomorphisms of M, and H is an L(^'°°)-function. See section 3.2 
in [MiilOSaj for a detailed explanation of the choice of completion. An isotopy 
<I> = {(pt} of homeomorphisms is a topological Hamiltonian isotopy of (W, w), if there 
exists a dham-Cauchy sequence of smooth Hamiltonian isotopies that uniformly 
converges to <&. The -limit H of the sequence of normalized smooth Hamilto- 

nians Hi is called a topological Hamiltonian function, and a homeomorphism is a 
Hamiltonian homeomorphism if it is the time-one map of a topological Hamiltonian 
isotopy [MO07] . We denote the collection of such topological Hamiltonian 

dynamical systems by THVSiW,uj). By (MO07) . TnVS(W,uj) has the structure 
of a topological group, whose group operations project continuously to the spaces 
of topological Hamiltonian isotopies, functions, and homeomorphisms, and the iso- 
topy associated to a topological Hamiltonian function is unique. The converse that 
the topological Hamiltonian function associated to a topological Hamiltonian iso- 
topy is unique, is proven in increasing generality in |Vit06a) and |BSllbj . The 
groups of topological Hamiltonian isotopies and Hamiltonian homeomorphisms are 
denoted by PHameo(M^, uj) and Hameo(M^, uj), respectively. The notion of topologi- 
cal Hamiltonian isotopy and Hamiltonian homeomorphism has been generalized to 
symplectic isotopies and their time-one maps by Banyaga in the article |BanlO) . 

4. Symplectization 

Let a be a contact form on M defining the contact structure ^, i.e. kera = ^. 
The symplectization {W,uj) of {M,a) is the exact symplectic manifold 

(A/ X R,~d{e\la)) , 

where 6 is the coordinate on R, and tti : M x R — M is the projection to the first 
factor. The exact symplectic diffeomorphism class of {W,(jj) depends only on the 
contact structure ^ and not on the choice of contact form a. Indeed, if a' — e-^a 
is any other contact form on (Af, ^), and {W,uj') denotes the symplectization of 
{M,a'), then the diffeomorphism i/)^: {W,uj') — > {W,uj) given by mapping {x,9) to 
{x,6 + f{x)) is exact symplectic, i.e. (/)j(e^7r*Q!) — e^nla'. 

A contact diffeomorphism cj) lifts to a symplectic diffeomorphism 

(4.1) d{x,0)^{<P{x),9-h{x)), 
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of {W,uj), where h is the conformal factor of (p given by (p*a — e^a. Conversely, a 
diffeomorphism of Vt^ of the form (|4.ip is symplectic if and only if (/) is a contact 
diffeomorphism of M with (f)*a — e^a. A contact isotopy $ = {(j)t} then lifts to a 
Hamiltonian isotopy $ = {0*} of {W,uj), generated by the Hamiltonian 

(4.2) H{t,x,e) ^ e^H{t,x). 

A diffeomorphism (or homeomorphism) of the form (I4.ip . where is a diffeomor- 
phism (homeomorphism) of M, and h a smooth (continuous) function on M, is 
called admissible. An isotopy {0t} is called admissible if (pt is admissible for each 
t, and if it is Hamiltonian, then its Hamiltonian of the form (|4.2I) is also called 
admissible. 

Let gM be a Riemannian metric on M , and recall from section [2] the correspond- 
ing distances (Im and dM on Homeo(Af) and PHomeo(-M), which both induce the 
compact-open topology. The Riemannian metric gM lifts to the split Riemannian 
metric gw = i^lgM + d9 <^ d9 on the symplectization W . Given two admissible 
homeomorphisms (j>{x,9) = {(j){x),9 — h{x)) and tp{x,9) — {^{x),9 — g{x)) of W, 
the sums 

dw{<l>, V') = dMicp, tp) + \h~ g\ 
and dwif^ji^) = dM{4>:i^) + \h — g\ + \ho —go are finite, and the two 
distances dw and dw are metrics on the group of admissible homeomorphisms of 
W, with the latter being complete. In particular, given a sequence (pi of contact 
diffeomorphism with (j)*a = e^'a, the sequence of lifts (pi defined by equation (14. ip 
is dvK-Cauchy, if and only if the sequence (pi is dM-Cauchy and the sequence of 
functions hi is uniformly Cauchy. Moreover, the sequence (pi then C°-converges to 
a homeomorphism (p, the smooth functions hi converge uniformly to a continuous 
function h, and the sequence (pi C'^-converges to the homeomorphism (p oiW given 
by (p{x,9) = {(p{x),9 — h{x)). Similarly one obtains a metric dw and a complete 
metric dw on the group of admissible continuous isotopies of homeomorphisms, 
and for a sequence of contact isotopies of M, the lifted Hamiltonian isotopies are 
C^-Cauchy, if and only if the contact isotopies are C°-Cauchy and their conformal 
factors are uniformly Cauchy. The limits are again related by the identity (14. ip at 
each time t. 

In section |3l we discussed Hamiltonian isotopies of noncompact manifolds W, 
generated by compactly supported Hamiltonians. Clearly an admissible Hamilton- 
ian is never compactly supported, and its oscillation is not finite, unless it vanishes 
identically. Similarly, it does not make sense to normalize an admissible Hamil- 
tonian by means of its average value on W. However, an admissible Hamiltonian 
isotopy has a unique admissible Hamiltonian, and it is possible to define a norm 
suitable for admissible Hamiltonians. For a < b real numbers, let Ka,b — M x [a, b] 
be a compact subset of W, and restrict to it the oscillation of functions on [0, 1] x T4^, 

ll^^llab — / max ma,xH(t,x,9) — min min H(t,x, 9) ] dt 

Jq \a<e<bx<£M a<0<bxeM J 

= / I max I max i/(t, a;) I — min i min H{t, x) ] ] dt. 

Jo \a<e<b \ x£M J a<8<b \ x£M J J 
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When restricted to admissible Hamiltonians, the functions || • ||a,6 define norms, and 
different choices of a and b give rise to equivalent norms. Moreover, 

min(e''-e^e'^)•||i/|| < \\H\\a,b < ■ \\Hl 

and these inequalities are sharp. We equip the space of admissible Hamiltonians 
with the metric and topology induced by any of the norms || • \\a,b- In particular, 
a sequence of admissible Hamiltonians is Cauchy, if and only if the sequence 
of contact Hamiltonians Hi is Cauchy with respect to the norm || • || defined by 
equation (|2.5p . 

5. The contact energy-capacity inequality 

The preceding sections [2M] provide a precise explanation of the statement of 
Theorem ll.il and we are ready to give the proof. 

Proof of Theorem \l.l\ Again consider the symplectization W — M x R of (M, a), 
with symplectic form lo = —d{e^Ti\a). Let a < 6 be two real numbers, and denote 
K ^ K y:.[a,b](ZW. Let c^\h\. Equation (|iTT|) implies that for aU t € [0, 1], 

4(i?)c0^(i^)x [a-c,6 + c], 
and thus '/>^(i^) n i^T = 0. Let p: M — > [0, 1] be a smooth cut-off function such that 



p{0) = 



1 e [a - c, 6 + c] 

61 e R\ (a - c- l,& + c+ 1). 



By construction and by equation (|4.ip . we have (p* ~{x, 9) — 6) for all x £ M, 

9 e [a, 6], and all times t G [0, 1], and therefore (p^ ~ also displaces the set K. Thus by 
the energy-capacity inequality (|l.ll) for compactly supported Hamiltonians |LM95) , 

< ^ciK) < Ei<t>l^). 

On the other hand, 

E{<Pl^) < |!pi?||Hofcr < \\pH\\a-c-l,b+c+l < e'+'+'m, 

and therefore 

(5.1) o<|^e-l''l<||i/||, 

proving the theorem. □ 

It is tempting to think that choosing a smaller value of b above will produce 
a stronger lower bound in inequality (jS.ip . However, by decreasing 6, the capac- 
ity c{K) decreases as well. The choice of contact form a affects inequality (15. ip 
similarly, as the symplectic form and thus the capacity, the conformal factor, and 
the Hamiltonian all depend on this choice. For each of the equivalent norms |j • |j, 
defined by a contact form a on (M, a better lower bound than (|5.ip is given by 

0<sup( )e-l''l < ||i/|| <oo. 



K 
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where the supremum is taken over all compact subsets K of M that are displaced 
by 0, and over all 'lifts' K of K. Note that our estimates are valid for any cut-off 
function p as above, and thus one does not need the term +1 in the exponent above 
and in inequality (|5.ip . In fact, one could also consider the supremum over all 
cut-off functions p such that (f)^~(K) n if = 0. Conversely, it is also possible to 
define displacement energy type invariants of subsets of M in this manner. 

6. Topological contact dynamics 

In this section, we define the contact distance between two contact isotopies, or 
between two contact dynamical systems, and introduce topological contact dynam- 
ics. 

Recall from section [2] that if $ is a smooth contact isotopy on (M, ^), then a 
contact form a with ker a ^ ^ uniquely determines a generating smooth contact 
Hamiltonian H : [0, l]x M R, and a smooth conformal factor h : [0, 1] x M — > M. 
If a' — e^a is any other contact form on (M, f), then the corresponding smooth 
contact Hamiltonian H' and smooth conformal factor h' of the contact isotopy $ 
are given by H' — e^H and h' = h + {f o ^ — f), respectively. Also recall that 
the notation / o $ stands for the function whose value at {t,x) e [0,1] x M is 
(/o x) = /(t, 4)t{x)). We mention again that when a contact form a on (M, ^) 
is chosen, we always assume the contact Hamiltonian and conformal factor of a 
smooth contact isotopy are determined by this contact form a. Moreover, even 
when no contact form is selected explicitly, writing $ = for a contact isotopy 
$, a contact dynamical system ($, H, h), or calling H the contact Hamiltonian of $ 
and h its conformal factor, implies the choice of a contact form a, which is fixed for 
the remainder of a particular statement or short discussion, unless explicit mention 
is made to the contrary. 

Definition 6.1 (Contact distance). Let a be a contact form on a contact manifold 
{M, ^) . We define the contact distance with respect to a between two smooth contact 
isotopies $ = o,nd ^' = by 

(6.1) d^{<^H,<^F) = dM($H, $f) + \h- f\ + \\H -F\\. 

Recall from section [2] that a dM-GsMchy sequence of contact isotopies C'^- 
converges to a continuous isotopy $ = {0t}o<t<i, a || • ||-Cauchy sequence Hi of 
contact Hamiltonians converges to an i'^^'°°^-function H: [0,1] x Af — > R, and a 
I • [-Cauchy sequence of conformal factors hi uniformly converges to a continuous 
function h: [0, 1] x M R. 

Definition 6.2 (Topological contact dynamical system). Let a be a contact form 
on a contact manifold (Af, f ). A triple ($, H, h) is a topological contact dynamical 
system with respect to the contact form a, if there exists a sequence {^^ Hi, Hi, hi) 
of smooth contact dynamical systems, such that as i — > oo, the sequence C*"- 
converges to the continuous isotopy $ G PHomeo(Af), the sequence Hi of smooth 
contact Hamiltonians satisfies \\H — Hi\\ — )• 0, and the sequence hi of smooth confor- 
mal factors converges uniformly to the continuous function h. The L^'^'°°'^ -function 
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H : [0,1] X Af — > M is called a topological contact Hamiltonian with topological 
contact isotopy $ and topological conforinal factor h: [0, 1] x Af — s- R. The space 
of topological contact dynamical systems is denoted by TC'DS{M,a), and the space 
of topological contact isotopies by PHonieo(Af, ^). By a slight abuse of notation, we 
denote the natural extension da of the contact metric Ii6.1\) also by da, and call it 
the contact metric on the space TC'DS{M,a). 

The metric da does depend on the choice of contact form a. However, the 
collection of Cauchy sequences with respect to da, and in particular the topology 
induced by da, only depends on the contact structure ^. 

Lemma 6.3. Suppose a and a' — e^a are any two contact forms on (M,^), and 
suppose {^i. Hi, hi) is a smooth contact dynamical system with respect to the contact 
form a. Then e^ Hi, hi + {f o . — /)) is a smooth contact dynamical system 
with respect to the contact form a', and if the sequence ^i is Cauchy with respect to 
the distance da, then it is also Cauchy with respect to the distance da' ■ In particular, 
the topological contact dynamical system ($, H, h) with respect to a is transformed 
to the topological contact dynamical system 

{^,e^H,h+{fo^-f)) 

with respect to e^a, and the space PHomeo(A/, ^) of topological contact isotopies is 
independent of the choice of contact form a. 

The proof follows from Lemmas 12.31 and 12.51 For the convenience of the reader, 
we repeat the necessary arguments in a detailed proof. 

Proof. Since Hi is the contact Hamiltonian generating {</>*} with respect to a, the 
smooth function H^ — Hi generates the same isotopy with respect to the contact 
form a' . Furthermore, since {(t>\)*a — e^^-a, we have 

= e'^*+(/°0?-/)c,'. 

Assume the sequence is Cauchy with respect to da ■ Then 

= dAf ($,, $,) + + / o - {h, + / o $,)| + We^H, - efH,\\ 

< dM{^^, + \h, - + 1/ O - / O + C{f)\\H, - H,\\, 

where the positive constant C(/) < cxi is as in Lemma 12.51 Since / is independent 
of i and j, this converges to zero as i, j — > cx). □ 

Examples of topological contact dynamical systems are given in |MSllc| . 

Theorem 6.4 (Uniqueness of topological Hamiltonian isotopy and topological con- 
formal factor). Fix a contact form a on a contact manifold (Af, ^). Then the topo- 
logical Hamiltonian isotopy and the topological conformal factor of a topological 
contact Hamiltonian are unique. More precisely, if {^,H,h) and {^,H,g) are two 
topological contact dynamical systems with the same topological contact Hamilton- 
ian, then $ = 4* and h — g. 
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In other words, a topological contact Hamiltonian H uniquely determines the 
topological contact dynamical system ($, H, h) e TC'DS{AI, a). The proof is given 
in section [71 Examples showing that all of the convergence hypotheses in Defini- 
tion 16.21 and in the theorem are necessary are produced in section |8l 

Given a topological contact Hamiltonian H , we denote the unique correspond- 
ing topological contact isotopy by ^h, and the unique corresponding topological 
conformal factor by the lower case Roman letter h. As in the smooth case, writing 
<i> = for a topological contact isotopy, and calling h its topological conformal 
factor, or writing ($, H, h) for a topological contact dynamical system, involves the 
explicit or implicit selection of a contact form a with kernel ^. By Lemma 16.31 if 
e^Qf is another contact form on (M, ^), then the topological contact dynamical sys- 
tem i/, h) with respect to a is transformed to the topological contact dynamical 
system ($, H, h + {f o ^ — /)) with respect to e^a. 

By the above uniqueness theorem, given two topological contact Hamiltonians 
H and F, we can define the functions H^F and by 

(6.2) (H#F)t = e-'^* • {{Ft - H^) o 0*,) , 

(6.3) (7^#/)t - ^ht o (0*,)-! o 0*, + 

where {(/>^} and {(j>p} are the unique topological contact isotopies corresponding 
to the topological contact Hamiltonians H and F, respectively, and similarly, h and 
/ are the corresponding unique topological conformal factors. These operations are 
well-defined and extend the group structure in Lemmas 12. II and 12. 21 A group struc- 
ture on the space TCT>S{M, a) of topological contact dynamical systems ($, H, h) 
can then be defined by 

(6.4) (<fH,i?,/^)-i o {<^F,FJ) = ($^1 o ^p,Hi^FMf )- 

Formulas (|6.2p - (j6.4p determine the group operations completely, by inserting the 
identity (id, 0,0) for the topological contact dynamical system {^p,F,f), and 
then the inverse {^H,H,h)~^ for {^H,H,h). In fact, this group structure on 
TC'DS{M, a) is well-defined even without the uniqueness theorem at hand, while 
defining the group structure on the space of topological contact Hamiltonians given 
by equation (|6.2p does require Theorem 16.41 As in the smooth case, equation (|6.3p 
by itself does not make sense, and is well-defined only if two topological contact 
Hamiltonians H and F, or as we will see below, two topological contact isotopies, 
are given, and h and / are the corresponding topological conformal factors. 

Theorem 6.5. The space TC'DS{M^a) of topological contact dynamical systems 
{^H,H,h) forms a topological group with identity (id, 0,0) under the operation o 
defined in equation |ff./^[ ). The group C'DS{M^a) of smooth contact dynamical sys- 
tems forms a topological subgroup. 

We prove this theorem in section [3] As an immediate corollary, we obtain 

Corollary 6.6. The group structure on TCT>S{M, a) induces by projection group 
structures on the space PHomeo(Af, ^) of topological contact isotopies, the space 
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7^(1,00) QQ j^j y. 7\,f^Q,^ qJ topological contact Hamiltonians, and the set of time-one 
maps of topological contact isotopies. 

In fact, in the case of isotopies and their time-one maps, the group structure is 
the usual one defined by composition of homeomorphisms of M , and one obtains 
topological subgroups of PHomeo(M) and Homeo(A/), respectively. 

Definition 6.7 (Contact homeomorphism). A homeomorphism (j) of M is a contact 
homeomorphism if it is the time-one map of a topological contact isotopy. The group 
of contact homeomorphisms is denoted by Homeo(A/, ^). 

Definition 6.8 (Topological automorphism of the contact structure). A homeo- 
morphism (j) of M is a topological automorphism of the contact structure ^, if there 
exists a sequence of contact diffeomorphisms (pi S Diff(Af, ^) with (p*a — e^^a, 
such that the sequence C'^ -converges to the homeomorphism (j), and the sequence 
of smooth conformal factors hi converges uniformly to a continuous function h. 
The set of topological automorphisms is denoted by Aut(Af, ^), and the function 
h G C*'(Af) is called the topological conformal factor of the automorphism (f> with 
respect to the contact form a. 

Theorem 6.9 (Uniqueness of topological conformal factor). The topological con- 
formal factor h of an automorphism (p in Aut(A/, ^) is uniquely determined by 
the homeomorphism (p and the contact form a. That is, suppose there exist two 
sequences (pi and ipi G Diff(Af, ^) with (p*a = e'''a and ip*a = e^'a, such that 
both sequences <pi and ipi -converge to the homeomorphism (p, the sequence hi 
converges uniformly to the continuous function h, and the sequence gi uniformly 
converges to a continuous function g. Then g = h. 

Equivalently, if </> = id, then we must have h = Q. That is, if the sequence (pi 
of contact diffeomorphisms with 0*a = e'''a C°-converges to the identity, and the 
sequence hi converges uniformly to a continuous function h, then we must have 
h = 0. See section [TT] for the proofs. 

Corollary 6.10 (Uniqueness of topological conformal factor). The topological con- 
formal factor h of a topological contact isotopy $ is uniquely determined by the 
continuous isotopy $ and the contact form a. That is, if {^,H,h) and {^,F,f) 
are two topological contact dynamical systems with the same topological contact 
isotopy, then h = f . 

Proof. Each time-i map (jf^ is contained in Aut(Af, ^). By Proposition 16.91 the 
continuous function ht is uniquely determined by (p*^. □ 

Proposition 6.11. The set Aut(Af, ^) forms a subgroup 0/ Homeo(Af), and it 
contains as subgroups the groups Diff(A/, ^) and Homeo(A/, ^) C Aut(A/, ^). If (p 
andip e Aut(Af, ^) are topological automorphisms with topological conformal factors 
h and g, respectively, then the topological conformal factors of <p o ip and <p^^ are 
h o ip -\- g and —ho cp'^^ , respectively. 
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The proof is obvious from the definitions. See Lemma 12.11 for the last part. 
RecaU that if a and e-^a are two contact forms on (M, ^) and (/)*a = e''a, then 
r(e-^a) = e''+(/°'^--^)(e/a). 

Proposition 6.12. The automorphism group Aut(A/, ^) does not depend on the 
choice of contact form a. More precisely, suppose a is a contact form with kera = 
^, and there exists a sequence of contact diffeomorphisms with (j)*a = e^'a, such 
that the sequence -converges to a homeomorphism (j), and the sequence of con- 
formal factors hi converges uniformly to a continuous function h. Further suppose 
that ef a is any other contact form on (M, ^). Then (j) is also a topological auto- 
morphism with respect to the contact form e-^a, with topological conformal factor 
h-\-{fo(j)—f), i.e. the conformal factors hi + {fo(j)i~f) converge to the continuous 
function h + { f o (j) ~ f) uniformly. 

The proof of the proposition is again immediate. 

Theorem 6.13 (Transformation law). Let (^H,H,h) be a topological contact dy- 
namical system, and (j) g Aut(M, ^) be a topological automorphism of the contact 
structure ^, with topological conformal factor g. Then 

(6.5) {(j)^^ o o (/), e^^{H o (f)),ho (f) + g - g o o $^ o (j)) 

is a topological contact dynamical system. 

See section ^ for the proof. Recall that with the same notation as in the rest of 
the paper, the conformal factor in the theorem is the continuous function 

(/i o + .9 - .9 o o $H o 0)(i, x) = h{t, (t>{x)) + g{x) - g(0-i(0^(0(x)))) 

on [0, 1] X Af , and similarly for the topological contact Hamiltonian e~^{H o cj)). 

Corollary 6.14 (Normality). The group of contact homeomorphisms is a normal 
subgroup of the topological automorphism group of the contact structure, 

Homeo(M,^) < Aut(A/,^) C Homeo(M). 

Proposition 6.15 (Path-connectedness). Let $ = {0f} be a topological contact 
isotopy. Then each time-t map (j)t is a contact homeomorphism. In particular, the 
group Homeo(M, ^) is path-connected in the -topology. 

The proof of the proposition is a consequence of Lemma [7?3l below . Other topo- 
logical properties of the group Homeo(M, f ) are studied in the sequel |MSllcj . The 
analogous theorems in the Hamiltonian and strictly contact case are stated and 
proved in |MO07l iBSTTa] . 

Using C^'i-contact Hamiltonians instead of smooth contact Hamiltonians in Def- 
inition [6?2] leads to the same notion of topological contact dynamics, and the proof is 
almost the same as in the case of Hamiltonian dynamical systems in }MO07] . Recall 
that a time-dependent continuous vector field X is uniquely integrable, provided 
X{t, •) is Lipschitz with Lipschitz constant independent of time t S [0, 1]. 
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Theorem 6.16. Suppose H : [0, 1] x Af — > R is a C^-function such that the contin- 
uous vector field Xh is uniquely integrahle. Denote by the continuous isotopy 
generated by Xh, and by h: [0, 1] x M M the continuous function defined by equa- 
tion 112.4^ . Then H is a topological contact Hamiltonian with topological contact 
isotopy o,nd topological conformal factor h. 

Proof. The C^-function H can be approximated in the C^-metric by a sequence of 
smooth functions Hi : [0, 1] x 7\f — > M, so that \\H — Hi\\ — > as z — > oo, and the 
Lipschitz vector fields X/f. converge to Xh uniformly over t e [0, f ] and x £ M . 
Therefore the flows converge uniformly to by the standard continuity 
theorem in the theory of ordinary differential equations, and thus also in the C^- 
metric. fn particular hi ^ h uniformly over t e [0, 1] and x G M by equation (j2.4p . 
Thus {^Hi, Hi, hi) converges to {^h, H, h) in the contact metric da- □ 

We note that the proof does not invoke the uniqueness theorem 16.41 

Definition 6.17 (Admissible topological Hamiltonian dynamics). Let (ill, ^) be 
a contact manifold, and W — M x M be a symplectization with symplectic form 
uj = —d{e^'K\a). A pair H) is an admissible topological Hamiltonian dynamical 
system with admissible topological Hamiltonian isotopy $ and admissible topolog- 
ical Hamiltonian H : [0, 1] x — > R, if there exists a sequence of smooth admissible 
Hamiltonian isotopies $g that -converges to the continuous isotopy <& — {4>t\ 
in the group PHomeo(M^), and \\H — Hi\\a^b ^ ^ as i ^ oo for a (and thus any) 
Ka.b = M X [a, b]c M X R. 

Given a time-dependent function H, a continuous isotopy of homeomorphisms 
<&, and a time-dependent continuous function h, define as in section 2] the func- 
tion H{t,x,9) = e^H{t,x) and the isotopy $ = on [0,1] x M x R, where 
<j>t{x,0) = {(f>t{x),9 — ht{x)). By construction, {^,H,h) is a topological contact 
Hamiltonian system with respect to the contact form a, if and only if ($, H) is an 
admissible topological Hamiltonian system of the symplectization of {M,a). Thus 
all definitions and results in topological contact dynamics have analogs in admissible 
topological Hamiltonian dynamics of symplectizations, and the proofs are verbatim 
the same. 

A topological strictly contact dynamical system ($, H, 0) is by definition the limit 
of a da-convergent sequence of smooth strictly contact dynamical systems Hi, 0) 
[BSllaj . Topological strictly contact dynamical systems form a topological sub- 
group of the group of topological contact dynamical systems. The constructions 
in this article generalize those in |BSlla| in the strictly contact case, taking into 
account the added complications of nontrivial conformal factors in several places in 
our definitions and proofs. 

As in the Hamiltonian case in |MO07| or Chapter 3 in jMiilOSaj , it is straightfor- 
ward to define compactly supported topological dynamical systems of open contact 
manifolds (Af, ^), provided only that ^ is coorientable. If A/ is open, one restricts 
to homeomorphisms, isotopies, and functions on [0, 1] x Af that are compactly sup- 
ported in the interior of M, or in other words, have compact support and are trivial 
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near the boundary of M, and to Cauchy sequences that are supported in a compact 
subset K C Int M independently of the index i of the sequence. With these modifi- 
cations, all the definitions and proofs in this paper hold for open contact manifolds. 
The rigidity theorems in section [TT] are local statements, and thus it sufhces in those 
cases to restrict to homeomorphisms that are the identity on the boundary, and 
instead of compact support require only convergence on compact subsets. 

Following the ideas presented in this article, it is a straightforward task to extend 
the notion of a topological Hamiltonian dynamical system to other types of non- 
compact symplectic manifolds that appear for example in the context of symplectic 
field theory. This is the case for instance when {W, uj) is a symplectic manifold with 
cylindrical ends. Details may be published elsewhere in this series of papers. 

7. The uniqueness theorems 

In this section, we prove several uniqueness results, culminating in the proof 
of Theorem 16.41 These results are analogs of theorems in the case of compactly 
supported Hamiltonians on symplectic manifolds, see |MO07j or sections 2.2 and 2.3 
in |Miil08a| . As above, let [M, be a contact manifold with a contact form a, and 

= A/ X R the symplectization of (Af, a) with symplectic form lo = — (i(e^7rja). 

Proposition 7.1. Let be a sequence of smooth contact isotopies of M , be 
another such contact isotopy, and 0: A/ — )■ AI be a function. Assume 

(i) \\H=f^H,\\ -^0, asi^ oo, 

(ii) (p^j. — >■ (p uniformly, as i ~> oo, and 

(iii) \hi\ < c for some constant c G R independently of i, 

where hi: [0, 1] x A-f — > R is given by {(f)^fj,)*a — e^^^*''^a. Then (fy — cfy^j. 

Since by hypothesis (ii), the sequence \hi\ is bounded independently of i, the 
constants C{hi) in Lemma 12.51 can be chosen independently of i as well. Therefore 
hypothesis (i) in the proposition is equivalent to the assumption — — > 
as i — >■ cxD. The same observation applies in the remainder of the section, and we 
do not need to distinguish between convergence of the sequence Hfj=Hi — > and 
Hi — > H with respect to the metric induced by the norm || • ||. 

Proof. Because is the uniform limit of continuous maps <j)\j. , it must be contin- 
uous. Suppose to the contrary that (j) ^ 0^. Then there exists a compact ball 
B d M such that {{4>\j)^'^ o 4>){B) n B = 0. By hypothesis (ii), (t)]j. (j) uni- 
formly, and thus {{(t>\j)^^ o 0^ )(i?) n i? = 0, for all sufficiently large i. But then 
by Theorem [m 

where h is defined by {(ff^Ya = e'^^'-'^a. This contradicts hypothesis (i). □ 

Corollary 7.2. Let be a sequence of smooth contact isotopies of M , be 
another such contact isotopy, and $ be an isotopy of functions 4>t'- M — )■ M. As- 
sume 

(i) \\H#H,\\ ^ 0, as i oo, 
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(ii) uniformly, as i ^ oo, and 

(iii) \hi\ < c for some constant c G M independently of i, 

where hi : [0, 1] x Af ^ M is given by {<j)^fj,)*a = e^^^^''^a. Then $ = • 

In order to give the proof, we need the smooth version of the next lemma. The 
proof is straightforward and thus omitted. 

Lemma 7.3. Let {'^h, H, h) he a smooth (or topological) contact dynamical system. 
For s e [0,1], the reparameterization — {4'\{=} = {4'h} ^.l^o a smooth 

(or topological) contact isotopy, with time-one map smooth (or topological) 

contact Hamiltonian , and smooth (or topological) conformal factor h^ , where 
the Hamiltonian and conformal factor are given by 

H^{t,x) — sH{st,x) and h^{t,x) — h{st,x). 

More general reparameterizations, where the map t ^-^ stis replaced by a smooth 
function C^: [0, 1] — > [0, 1] (and sometimes even a continuous function), will be con- 
sidered in sections [5] and [TUl and in the second paper of this series [MS 11c] . 

Proof of Corollary \7.2\ Suppose the contrary that $ ^ i.e. there exists s S 
(0, 1] such that ips 7^ By Lemma [7.3[ the smooth contact dynamical systems 
, iJf , hf), the smooth contact isotopy , and the function (/f^, together satisfy 
the hypothesis of Proposition 17. II Thus reparameterizing with the function t M- st, 
we may assume s = 1. Applying Proposition 17.11 yields a contradiction, hence the 
proof. □ 

Proposition 7.4. Let be a sequence of contact isotopies on M , be another 
such contact isotopy, and g : M ^ R be a function. Assume 

(i) \\H#Hi\\ — > 0, as i —> 00, and 

(ii) \g — hi \ ^ as i — > 00. 

where hi: [0,1] x A/ — > R is given by {(t>\{.)*Q: = e^^^^'''^a, and similarly {(j)*fj-)*a — 
e''(*' )a. Then g^h. 

Proof. Again g must be continuous since it is the uniform limit of continuous func- 
tions hi. Suppose the contrary that g ^ h. Then there exists s € (0, 1], i? C M a 
sufficiently small compact ball, and e > 0, such that |f/(s,a:) — h{s,x)\ > 2e for all 
X ^ B. Recall that 

<^5, ° = ("^k ° i^nr^d - {h.{s, ■) - his, •)) ° i^hr') • 

Thus if ^ (pjiiB) X [-e, e], then 

o (0|^)-i) {K)nk^ 0, 

for all sufficiently large i. Hypothesis (ii) implies the numbers \hi\ are bounded 
by a constant c independently of i. Arguing as in the proof of Theorem 11.11 and 
Corollarv l7.21 choose a cut-off function p, and apply the energy-capacity inequality. 
From hypothesis (i) one then derives a contradiction. □ 
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Note that the corresponding isotopies being uniformly Cauchy is not neces- 
sary for the proof. Displacement of the set and being able to choose the cut-off 
function p independently of i, is guaranteed by hypothesis (ii). 

Combining Corollary 17.21 and Proposition 17. 4[ we obtain the main uniqueness 
theorem of this article. 

Corollary 7.5 (Uniqueness of topological Hamiltonian isotopy and topological 
conformal factor). Let be a sequence of smooth contact isotopies of M , 
be another such contact isotopy, <i> be an isotopy of functions 0* : M — > M , and 
g: M be a function. Assume 

(i) mmi ^ 0, 

(ii) — > $ uniformly, as i ^ oo, 

(iii) — ft.il — > as i — > oo. 

where hi: [0,1] x Af R is given by ((/)*^,)*a = e^'-'^*'''^a, and similarly {(j)*ij-)*a = 
e'»(*. )Q-. Then $ = and g = h. 

Lemma 7.6. Let {^i, Hi,hi) e C'DS{M, a) be a sequence of smooth contact dy- 
namical systems, converging with respect to the contact metric da to the topological 
contact dynamical system ($,_ff, /i) S TC'DS{M,a). Then the following statements 
are equivalent. 

(i) Suppose {'^ i, Fi, fi) is another sequence of smooth contact dynamical sys- 
tems, converging with respect to the contact metric da to the topological 
contact dynamical system {^,F, f) e TC'DS{M,a). If H = F , then<^ = ^, 
and h — f . 

(ii) // H is smooth, then ^ is a smooth isotopy, and in fact, $ = is the 
smooth contact isotopy generated by the smooth function H in the sense of 
equation Moreover, the function h is smooth, and equals the smooth 
conformal factor of the smooth contact isotopy , *-e- (0//)*Q! = e''^*' -'a. 

(iii) If H ^0, then $ = id, and h = 0. 

Proof. To see that (i) implies (ii), choose the sequence Fi = H . That (ii) implies 
(iii) is obvious, since the zero Hamiltonian is a smooth function. We prove that (iii) 
in turn implies (i). By Theorem l6.5[ the sequence of smooth contact Hamiltonians 
converges to the zero Hamiltonian, the sequence of isotopies ° '^Fi 
converges to o v]/ in the C°-metric, and the sequence of conformal factors of 
converges to the continuous function g — ho ^ ^o'l' uniformly. Then by 
(iii), o V]/ = id, and g - h = g - ho o * = 0. □ 

Although not stated explicitly in |MO07) . an analogous lemma also holds for 
Hamiltonian dynamical systems. See section [Ql for the converse statement. 

Proof of Theorem \6.4\ Combine Corollary 17.51 and Lemma 17.61 □ 

The uniqueness results of this paper have a number of immediate consequences 
for topological contact dynamical systems that resemble well-known results in the 
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smooth case. As a demonstration, we prove two lemmas. See also section [121 Cer- 
tain contact invariants will be extended to topological contact dynamical systems 
in a sequel. Also cf. [MSllaj . 

Lemma 7.7. Let (<i>, H, h) be a topological contact dynamical system, and suppose 
that the function H is autonomous, the energy of the system is preserved, i.e. 
H o 0^ — U for all t, and the conformal factor h vanishes. Then $ — ^ 
one-parameter subgroup o/Aut(M, ^). 

Proof Fix s e [0,1]. Since (t)jf € Aut(Af,f), the isotopy {(/)^* o (01^)"^ is a 
topological contact isotopy. By hypothesis, Ht ~ Ht+s for all < t < 1, therefore 
this isotopy coincides with the topological contact isotopy {(/"If} by Theorem 16.41 
Similarly, H — e~^'{H o 0|f), so that the topological contact isotopies and 
{{'knT^ ° coincide. Thus (/)*^ o </)|^ = o 0*^ for all < s, i < 1, and 

$ is a one-parameter subgroup. □ 

Definition 7.8 (Basic function). A (not necessarily differentiable) function H on 
[0, 1] X M is basic, if it is invariant under the Reeb flow, i.e. Ht{4>]^{x)) = Ht{x) 
for all X G M, and all < s,t < 1, where {^J?} denotes the Reeb flow. 

Lemma 7.9. This definition coincides with the usual definition of a smooth basic 
function if H is continuously differentiable in the Reeb direction. 

Proof. The claim follows immediately from the identities 

Lemma 7.10. If H is a basic topological contact Hamiltonian with topological 
contact isotopy ^h, then (/)^ commutes with the Reeb flow {4>%} of a for all times 
s and t. 

In the present language, this result first appeared in [BSlla] under the hypothesis 
that 0) is a topological strictly contact dynamical system. 

Proof. Fix a time s. By hypothesis, the topological contact Hamiltonians H and 
H o ip^j^ coincide. Thus by Theorem 16.131 and by uniqueness of the topological 
contact isotopy, o o (j>j^ — 0^. □ 

Appropriate local versions of the uniqueness results in this paper hold as well. 
Detailed proofs may appear elsewhere in this series of papers. 

8. Examples of divergent sequences 

A topological contact dynamical system ($, H, h) is determined by three Cauchy 
sequences, namely a sequence of smooth contact isotopies $i, the corresponding 
sequence Hi of smooth time-dependent contact Hamiltonian functions, and the se- 
quence of time-dependent conformal factors hi of the isotopies $i ~ ■ The three 
examples discussed in this section illustrate that simultaneous convergence of any 
two of the three sequences does not imply the convergence of the third. This demon- 
strates the necessity of all the hypotheses of Definition 16.21 and of the uniqueness 
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theorems in the previous section. The first two examples are constructed locally 
on Euclidean space M^"~^ with its standard contact structure and standard con- 
tact form, and apply to any contact manifold of arbitrary dimension by Darboux's 
theorem. The third example is constructed via contact Hamiltonians that depend 
only on time, and likewise can be constructed on any contact manifold. 

In the first and most subtle example, the contact isotopies and their inverses 
uniformly converge to the identity, the contact Hamiltonians generating these iso- 
topies converge to the zero function, but the conformal factors diverge to infinity 
and negative infinity at a point. 

Example 8.1 (Divergence of conformal factors). Consider the standard contact 
form a = dz — '^ytdxi on R^"~^. The Reeb vector field is i? = d/dz, and the 
contact vector field of a smooth contact Hamiltonian H : [0, 1] x K^""^ — ^ M is given 
by the identity 

X -vV-— ^— vV— —\— (^F-V — ^ — 

" ~{\ ^Vi) (^^i ) dyi y ^ dyi j dz ' 

For every positive integer k > 1, let rjk ■ K^""^ — >■ [0, 1] and pfe : M — )■ M be smooth 
cut-off functions with the following properties. Let Ck be a sequence of positive 
real numbers converging to zero. Then rjk is a function of the variables (x, y) = 
,yi,..., Xn—i, Vn—i) € K'^"' ^ that equals 1 near the origin, and vanishes outside 
the ball of radius Cfe centered at the origin. The function pk satisfies /9fe(0) = 0, 
p^(0) = 1, and p{z) = ±^57^ for |^| > ej,. By choosing e/j appropriately, we 
can impose < 1 is bounded independently of k. Define a sequence of smooth 
contact Hamiltonians by 

(8.1) Hk{x, y, z) = sin(fc2 In k ■ pk{z)). 

As fc — >■ 00, the isotopies ^^nd uniformly converge to the identity, because 
the Hamiltonians are supported in balls of shrinking radii v^Cfc- For every fc, the 
Hamiltonian vector field Xr^ vanishes at the origin, and thus the contact isotopies 
and fix the origin e M^""^ at each time t e [0, 1]. The conformal factor 
hk satisfies 

/i* (0) = ^ ° "^H" Jo ^^^^^^^^^'^^ 

and as a consequence, /i^(0) = —t\nk. In fact, \hk\ = \hk\ = Infc. Finally, the 
two sequences Hk and Hk = —e~'^^{Hk o ^Hk ) of contact Hamiltonians uniformly 
converge to zero. 

In the next example, the sequences of contact Hamiltonians and conformal fac- 
tors converge to zero uniformly, but the sequence of contact isotopies does not 
-converge. 

Example 8.2 (Divergence of contact isotopies). Let > be a sequence of 
real numbers converging to zero, and p he a smooth cut-off function, compactly 
supported near the origin in M^""^, that equals 1 on the line segment parametrized 
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by < xi < 1. Consider the sequence of autonomous Hamiltonians Hk ■ M^" ^ — )• M 
given by 

Hk{x,y,z) = p{x,y,z) ■ fk{yi), 

where fk is a smooth function such that /fc(0) = 0, /^(O) = —1, and \fk\ < et- 
The Hamihonians Hk and Hk converge uniformly to the zero Hamihonian, and the 
conformal factors hk and hk uniformly converge to zero as well. By construction, 
0*^^ (0, . . . , 0, 0, . . . , 0, 0) = (t, 0, . . . , 0, 0, . . . , 0, 0), and therefore d{<^H, , id) > 1, i.e. 
the distance to the identity is bounded from below by 1. By Corollarv 17.51 the 
sequence $/t must diverge. 

In the final example, we reparameterize the isotopy generated by the Reeb vector 
field in such a way that the sequence of contact Hamiltonians does not converge, 
whereas the associated isotopies do C°-converge. The conformal factors are all 
identically zero. This example is of a global nature, and applies to any contact 
manifold. 

For a given contact Hamiltonian H : [0, 1] x — > R, generating the contact 
isotopy — and any smooth function [0, 1] — ?> [0, 1], the reparameterized 

isotopy = {0^*''}, is generated by the contact Hamiltonian H"^ : [0, 1] x Af R, 
defined by the formula 

(8.2) HHt,x)^C'{t)H{at),x). 

We denote by h^ : [0, 1] x Af -> R the function given by )*a = e'' Clearly 
h(^(t, •) = h{({t), •), since = (/>^*''. This also follows from equation ()2.4|) by a 
simple change of variables in the integral. 

Example 8.3 (Divergence of contact Hamiltonians). To begin, consider the middle- 
thirds construction 

[0,l]= EoD El D E2D ■■■ 

of the Cantor set E — f] Ek in the unit interval [0, 1]. We adhere to the presentation 
in |Rud87| 7.16(b)]. At each stage of the construction, the set Ek consists of 2'' 
disjoint intervals, and the lengths of each of these intervals equals 1/3'^. For each 
fc = 1, 2, 3, . . . define a step function Gk by setting 

Gk^ (Jj -XE,: [0,1]^R, 

with antiderivative Fk'. [0,1] [0,1] given by 

Fk{t) = / Gk{s)ds. 
Jo 

The sequence Fk converges to the so called Cantor function F: [0, 1] [0, 1] uni- 
formly. A rough lower bound for the i^-difference between distinct functions Gj 
and Gk is given by ||Gfc — GjWl^ ^ (1 ~ (2/3)'"') > 5/9 whenever k > j. 

For each k, let Gk be a smooth function suitably close to Gk in the L^-topology, 
so that IjCfc — Gjllii > 1/2, say, for distinct j and fc, and ||Gfc — Gk\\L^ — > 0. Let 
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Fk denote as above the antiderivative with Fk{0) — 0. The sequence of functions 
Fk : [0, 1] — ?► [0, 1] also uniformly converges to F, since 

\Fk -F\< \Fk -Fk\ + \Fk -F\<\\Gk- Gkh^ + \Fk - F| ^ 0. 

Now consider the sequence as (space-independent) smooth contact Haniilto- 
nians on [0, 1] x M that generate smooth contact isotopies The time-t map 

satisfies = where {(/i^} denotes the smooth contact isotopy generated 

by the Reeb vector field. 

We make three observations. The conformal factors gk are all identically zero 
since each function Gk is basic. Moreover, the sequence {ipQ^} of strictly contact 
isotopies C°-converges to {</>^'*^}, because \Fk — F| — > 0, as A; — > oo. Finally, for 
every j ^ k, the contact norms satisfy \\Gk — Gj\\ — \\Gk — GjH^i > 1/2, and thus 
the contact Hamiltonians Gk do not converge. 

It suffices in the last example to take a sequence of smooth functions Fk on the 
unit interval that converges uniformly, but whose derivatives do not converge in L^. 

9. Group properties 

In order to simplify our subsequent arguments regarding Cauchy sequences with 
respect to the contact distance, we prove a useful lemma. 

Lemma 9.1. Let Hi and hi: [0,1] x A/ — > M be sequences of L^^'°°^ -functions 
and continuous functions, respectively, and $i: [0, 1] x M — >■ M be a sequence of 
continuous isotopies of homeomorphisms. Suppose dM{^i, ^j) 0, \hi ~ hj \ 0, 
and \\Hi — Hj\\ — )■ as i,j —)■ oo. Then 

\\e-''^{H, o $,) - e-'^^iH, o $,)|| ^ 0, 

as i,j — >■ oo. //$ denotes the uniform limit of the sequence h the uniform limit 
of the sequence hi, and H the 1'-^^°°^ -limit of the sequence Hi, then the functions 
e^^^{Hi o <I>j) converge to e^^{H o $) in the metric induced by the norm || • ||. 

Proof. In the special case hi — for all i, the lemma is verbatim the same as 
Proposition 2.3.9 in jMiilOSa) . with the exception that the norm || • || there is defined 
for normalized functions, and thus is missing the average value term c(-) present 
in equation (I2.5p . Arguing as in Lemma [2.41 this does not affect the proof. That 
shows the sequence Hi o <I>j is Cauchy and converges to the function H o ^. In 
particular, there exists a constant c such that \\Hi o <I>j|| < c for all i. By choosing 
c larger if necessary, \hi\ < c for all i. To prove the lemma in full generality, we 
apply the triangle inequality and again Lemma 12.41 and obtain 

|le-''-(i/,oci>,)-e-''^(i/,oci>,)ll 

< \\e~'''iH, o - e~''^{H, o $,)|| + \\e-''^ {H, o - e'''^ {H, o 

< 3|e-'*- - e-''^ | • \\H, o $,|| + 3|e-''^ | • o - H, o 

< 3c • le"'** - e-''^ l + Se"- \\Hi o $j - Hj o 

which converges to zero as i, j ^ oo. □ 
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Proof of Theorem \6.5[ Suppose {^H,H,h) and /) are topological contact 

dynamical systems with respect to a contact form a. By definition, one can find 
sequences {^H,,H„hi) {<^H,H,h) and {^Pi.FiJi) {<^f,FJ) in the da- 
contact metric, where Hi and Fi: [0, 1] x M — >■ R are smooth contact Hamiltonians, 
and the corresponding contact isotopies, and hi and fii [0,l]x M ^ R 
the smooth fmictions defined by (0^. )*q; = e'*'*^'''^Q; and {4>*p.)*a — e^^^^'''^a. Then 
<i>^^ o — > o <i)j7 in the C°-metric, and consequently 

hi#fi = -h o ^h] ° ^F. + /' ^ o o $F + / 

uniformly over (<, a;) G [0, f] x Af , where we have used Lemma |2. II Moreover, 

\\H,m-H,#Fj\\ 

< We-'^^iF, o - e-''^(^^, o + ||e-"^(iJ, o - e-^^i^^ o 

By Lemma l9.fl the expression in the last line converges to zero as i,j — >■ oo. Thus 
($]^^ o ^p.^Hi=I^Fi,hi=l^fi) is Cauchy in the contact metric, and its limit is the 
topological contact isotopy {^^^ o ^p,H^F,h^f). This does not depend on the 
choices of Cauchy sequences converging to H, h) and F, /). In particular, 
(id, 0,0) is the identity in TC'DS{M, a), and we have a well-defined composition 
and inverse. Associativity of composition in the space TC'DS{M, a) is easily veri- 
fied. Thus we have shown that TCVS {AI , a) forms a group, and C'DS{AI, a) is a 
subgroup. Verifying that composition and inverse are continuous, or equivalently, 
that the map 

( ($H , F, /i) , ($F , F, /) ) ($^1 o , H#F, h#f) 

is continuous, is a similar application of Lemma l9. II □ 

Proof of Theorem \6.13[ By definition, there exists a sequence of smooth contact 
dynamical systems {^Hi, Hi,hi), converging to the topological contact dynamical 
system ($, H, h) in the contact metric, and a sequence of contact diffeomorphisms 
(j>i that C°-converges to the homeomorphism 0, and such that the sequence of 
smooth functions Qi defined by (j>*a — e^'a converges uniformly to the continuous 
function g. Recall that cj)~^ o <i)^. o 0j is generated by the contact Hamiltonian 
e"f'(i?j o (j>i), and 

It therefore suffices to prove that 

[4'^^ o ° 4'i,e^^' {Hi o (f>i),hi o (f)i + gi~ gio {cf)'r'^ o o 0^)) 

converges in the contact metric to the topological contact dynamical system (|6.5p . 
The C°-convergence of the isotopies and conformal factors is immediate. On the 
other hand, by Lemma l9.1l 

||e-»-(H,o</,,)-e-*(H,o0j)ll ^0, 

as I, j — >■ oo, and the limit equals e^^{H o (jj). □ 
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10. A BI-INVARIANT METRIC ON THE GROUP OF 
STRICTLY CONTACT DIFFEOMORPHISMS 

The results of this section concern smooth strictly contact isotopies and their 
time-one maps. Recall that the smooth contact Hamiltonian of a smooth strictly 
contact isotopy is invariant under the Reeb flow, and such a Hamiltonian is called 
basic. 

The discovery of the Hofer metric prompted Banyaga and Donato to find other 
classical diffeomorphism groups supporting a bi-invariant metric. They studied 
the prequantization space of an integral symplectic manifold, and showed that 
under a certain topological assumption, the identity component Diffo(Af, a) of the 
group of strictly contact diffeomorphisms indeed supports such a metric [BD06) . 
A prequantization space consists of a contact manifold M, supporting a regular 
contact form a, whose Reeb flow induces a free S^-action, and the quotient is an 
integral symplectic manifold {B,uj). Their construction utilizes the nondegeneracy 
of the Hofer metric on the base B. We extend their result to all contact manifolds, 
with no restrictions on the contact form a. The proof follows from Theorem ll.il 

We first recall Banyaga and Donato's construction. For a smooth strictly contact 
isotopy $ = ^H, generated by a smooth basic contact Hamiltonian i7, its 'length' 
is defined by 



(10.1) 



^bd(*h)= / osc{Ht)dt+ [ c{Ht)dt 

JQ Jo 



where again osc(-) is the oscillation of a function on M, and c(-) its average value 
(|2.6|) with respect to the canonical volume form ~ a A (da)"^^. A standard 
argument (see e.g. [Ban97| ) shows that equation (|2.6|) defines a surjective homo- 
niorphism on the universal covering space of Diffo(M, a), 

c: fmo{M,a) E. 

The placement of the absolute value makes equation p0.1|) differ from (|2.5p . and 
^BD('i'if) < (-{^h) = \\H\\- We prefer the latter, because the homomorphism c 
vanishes on every loop of strictly contact diffeomorphisms that is generated by 
a smooth basic Hamiltonian of the form _ff (t, x) = /(t), with jj^ f{t) dt = 0. These 
are the only such isotopies. In short, in the Reeb direction, the Banyaga-Donato 
length measures the net displacement after time 1. 

The contact energy of a strictly contact diffeomorphism (p € Diffo(Af, a) is 

E{4>) = inf ^bd($), 
H^4> 

where the infimum is taken over all smooth basic contact Hamiltonians that gen- 
erate the time-one map (j). The group structure on basic Hamiltonians and the 
transformation law imply the symmetry, triangle inequality, and invariance prop- 
erties of the contact energy. 
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Lemma 10.1. |BD06[ Lemma 1] Let (/), tp £ Difro(Af,a), and 9 G Diff(M,a) be 
strictly contact diffeomorphisms. The contact energy satisfies 

E{<t>-^) = E{<t>) (symmetry), 
E{(l) oip) < E{(j)) + E{ip) (triangle inequality), 

E{6^^ o (l)o9) — E{4>) (invariance). 

The proof that the contact energy of (p vanishes if and only if it is the identity 
is more difficult. For a certain class of regular contact manifolds however, Banyaga 
and Donato demonstrate the following theorem. 

Theorem 10.2 (Nondegeneracy of Banyaga-Donato metric). [BD06[ Theorem 1] 
Suppose (M, a) is a closed and connected regular contact manifold satisfying 

(10.2) Image (c: tti (Diff (M, a)) R) = 1. 

Then E(<j)) — if and only if (f) — id. 



By Theorem [1021 the map Diffo(M,a) x Difro(M,a) K given by (0, V') ^ 
E{(j)~^ oip) defines a bi-invariant metric on Diffo(Af, a), provided (Af, a) is a closed 
regular contact manifold that satisfies condition (|10.2p . 

We define an a priori different contact energy of a diffeomorphism cj) in Diff g (M, a) , 
by minimizing the contact length of equation ()2.5p over all strictly contact isotopies 
whose time-one map equals cf), 



Ei^)^ \ni \\Hl 



and prove a surprising fact. 



Lemma 10.3. Let (M,^) be a contact manifold with a contact form a. Every 
strictly contact diffeomorphism (j) G Diffo(Af, a) satisfies the identity E{(j)) = E_{(j)). 

Proof. Given IL: [0, 1] x Af — >■ R a smooth basic contact Hamiltonian, let ct — c{Ht) 
be the average value of H at time t, and c = c* dt the time-average of these 
averages. Write Ft — c~ ct. We claim that \\T[^F\\ — iBni^n)- Indeed, denote 
by {0^} the Reeb flow. The smooth basic contact Hamiltonian F generates a loop 
{0^} of strictly contact diffeomorphisms which is a reparameterization of the Reeb 
flow, 

Because Ft is independent of x € M, [H^F)t — Ht + Ft, and osc{Ht + Ft) = 
osc(iJf). Furthermore 



(10.3) 



f \c{{H#F)t)\dt= r -j^ f {Ht + FtW 

Jo Jo Jm Jm 



dt = |c|, 



proving the claim. Since cpp = 4>^p, = id, we have 4'\j = 0^ o = (f)]j^p. Thus 

inf £BD($ff) > nif \\H\\. 

The reverse inequality is obvious. □ 
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A simpler and also more general proof of nondegeneracy follows from our con- 
tact energy-capacity inequality in Theorem 11.11 There are no restrictions on the 
topology of M or on the contact form a. 

Theorem 10.4 (Nondegeneracy of Banyaga-Donato metric). Let (j) be a strictly 
contact dijfeomorphism in Diffo(M, a). Then E{(f>) = if and only if 4> — id. 

This theorem proves that the Banyaga-Donato pseudo-metric is nondegenerate 
for every (M, a), and completes the proof of Theorem 11.21 Similarly, one defines a 
bi- invariant metric on any component of the group Diff (Af, a). One can also set the 
distance of two strictly contact diffeomorphisms belonging to different components 
of Diff (M, a) equal to +oo, and obtain a bi-invariant distance function on the whole 
group Diff(M, a). 

Proof. Suppose (p G Diffo(M, a) and E{(j)) = 0. Then there exists a sequence of 
strictly contact isotopies , such that 

(i) 0^. = (p for all i, and 

(ii) \\Hi\\ ^ as i — >■ cx). 

The conformal factors hi are all identically zero, hence if </> 7^ id, then by Theo- 
rem [TTll > C > 0, contradicting hypothesis (ii). □ 

In general, two Hamiltonian or strictly contact isotopies and satisfy 
(10.4) = 

where || • || refers to either the contact length (j2.5p or the Hofer length (|3.1|) . Equa- 
tion (110. 4[) follows from the fact that the isotopies generated by H and F preserve 
the contact or symplectic form, respectively. In either case, the isotopy o $^ is 
generated by the function H^F = {F — H) o On the other hand, two contact 
isotopies and with non-trivial conformal factors do not satisfy equation 
(|10.4I) . By Lemma |2.2[ the composition o <I>^ is generated by the contact 
Hamiltonian 

H4F e-^ {{F-H) o $ff) . 
We show by example that neither the function 5{'^Ht'^f) — (-{^^ ° ^f), nor its 
symmetrization ^{6{^h, ^f) + S{^f, ^h)), satisfies the triangle inequality. Recall 
from Example 18.11 the sequence of smooth contact Hamiltonians Hk, defined by 
equation ()8.1|) . whose conformal factors satisfy \hk\ = Infc, and let F 1. Evalu- 
ating the functions 

{Hkmt=Hk + e''^°^^hr' 
at the origin at time 1 gives 

\\Hk#F\\ >k>^ + l> + 

Hence ,5($^^,$f) > ^($^Md) + ^(id, $i.). Since \\Hk\\ < 3/fc and F = -1, the 
same conclusion holds for the symmetrization. Adding the maximum norms of 
the conformal factors also does not prevent failure of the triangle inequality. The 
example can be constructed any contact manifold (M, ^) with any contact form a 
by Darboux's theorem. 
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11. Topological automorphisms and contact rigidity 

We now give the proof that the topological conformal factor of a topological 
automorphism cj) G Aut(M, ^) is uniquely determined by the homeomorphism itself 
and by the contact form a. 

Proof of Provosition \6.9l By Lemma ETTl {<j)~^ o ipiYa — 6^*"'**°''^^ ^°^^a, and the 
conformal factors gi — hi o o tp^ converge uniformly to the continuous function 
g — h. Denote by 

(11.1) Ma = 7 •aA(da)"'^ = ^ 



the normalized canonical volume form induced by a, and by Jl^ the good measure 
on A'P^~^ in the terminology of jFatSOl Section 1], obtained from integration of the 
volume form /Iq. If [/ C ill is an open subset, then the sequence of real numbers 



u Ju Ju Ju 

as i — )■ oo. On the other hand, since the sequence of diffeomorphisms o 
C"-converges to the identity, the induced measures o(j){)^jl^ converge to JI^ in 
the metric that induces the weak topology on the space of (good) measures on M 
[FatSOl Proposition 1.5]. Evaluating a measure at the set U is lower semicontinuous 
by |DGS76) or [FatSOl Proposition 1.2], and therefore 

(11.2) / e"(s-"Va > I ^ic. 

Ju Ju 

for every open subset U C M. This implies e"^^"'*-' > 1. Indeed, suppose 
g"(s-'0(2:Q) < 1 at some point a;o G then there exists an open neighborhood U 
of xq such that e"*-^~''^(a;) < 1 for all x e [/, a contradiction to equation (|11.2I) . 
That proves n{g — h) > 0, or g > h. Reversing the roles of h and g yields h > g, 
and hence the proof. □ 

The automorphism group Sympeo(VF, w) of a symplectic manifold (W, to) satisfies 
the Gromov-Eliashberg C°-rigidity 

Sympeo(W^,w) n Diff(VF) = Symp(W^,w). 

The analogous result for the topological automorphism group Aut(M, ^) is Theo- 
rem 11.31 The hypotheses on convergence and smoothness in these theorems can 
be stated in many equivalent ways. Recall from section [5] that a C°-Cauchy se- 
quence of homeomorphisms always C'^-converges to another homeomorphism (/>. 
On the other hand, if the sequence (pi is only assumed to be uniformly Cauchy, 
then the limit is a continuous map, but in general not a homeomorphism. In 
fact, the uniform metric (Im is never complete on any manifold M . However, as 
already pointed out in section [21 if in addition the limit (j) is assumed to be a 
homeomorphism, then the sequence 0i also C^'-converges to (j). Moreover, if each 
homeomorphism (pi is volume-preserving (for example, if pi is a symplectic diffeo- 
morphism) , and the limit homeomorphism p is assumed to be smooth, then it is in 
fact a volume- preserving diffeomorphism. Indeed, the limit p preserves volume, so 
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if its derivative at a point exists, it has determinant 1, and the claim foUows from 
the inverse function theorem. When the volume-preserving assumption is dropped, 
a smooth homeomorphism need not be a diffeomorphism, as the classic example 
X on the real line shows. However, a similar argument applies in the contact 

case, and Theorem 11.31 turns out to be equivalent to 

Aut(Af, n Diff (Af ) = Diff (Af, 0. 



Proof of Theorem \1.3\ In local Darboux coordinates around a point x G Af, (/)*fj,a = 
det d(f>{x) ■ fj,a, and by definition 0(x + y) — 0(x) = d(l){x){y) + o(|?/|). Thus 

11-3 iu\ - (u \ ^ aetd4>{x) 

as e — >■ 0, where is the closed ball of radius e centered at x, and /Iq is the 
(signed) measure obtained by integration of the volume form /x^. The first step is 
to prove that detd(f){x) > for all x S M. Then by the inverse function theorem, 
(f) is an orientation-preserving diffeomorphism, and we can write (f>* fia = fJ'a for 
a smooth function g: M ^ M.. Our argument does not depend on the choice of 
auxiliary Riemannian metric, and the atlas on M can be chosen to be contact (in 
fact, strictly contact), and thus to preserve the orientation induced by the given 
volume form (in fact, the volume form itself). Arguing by contradiction, suppose 
det d(j){x) < at the point x G M. By equation ()11.3p . we can choose e > small 
enough so that 



We have 



ri).7i„(i?.)<ie-"i"i.7i„(s,). 



and since the functions hi converge to the continuous function h uniformly 
1 



JB, JB, JB, 

for i sufhciently large. On the other hand, the sequence C°-converges to the 
homeomorphism 0, so the induced measures {4'i^)*Ua ~^ {'t'^^)*'Pa- But evaluation 
at the compact set is upper semi-continuous, and we arrive at a contradiction. 

Let U C M he an open subset. The diffeomorphisms o (/): M — > AI C°- 
converge to the identity, and thus the uniform convergence of the functions hi — > h 
implies 

Ju Ju Ju 

as « — > oo. On the other hand, the measures {4>~^ o (f'i)^,]!^ converge in the weak 
topology to /Iq, and since evaluating the measures on U is lower semi-continuous, 
we have g > h. Repeating the same argument with the sequence of inverses 4>i^ °4> 
proves h> g, and therefore h = g. In particular h in a smooth function. 

Consider the symplectic diffeomorphisms (j)i{x,9) — {(pi{x),d — hi{x)) of the 
symplectization {W, uj) of (Af, a). Because of the choice of split Riemannian metric 
gw — T^lgM + d6 (E) d6, the sequence (pi C°-converges to the diffeomorphism (p 
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given by (/)(a;, 9) — {(p{x),d — h{x)). Then by Gromov-Eliashberg C°-rigidity, is a 
symplectic diffeomorphism, and by equation (|4.1|) . that is equivalent to being a 
contact diffeomorphism with (j)*a = e'^a. □ 

In the article [BSlla] , the automorphism group of the contact form a was defined 
to be the C°-closure Diff (M, a) of the group of strictly contact diffeomorphisms of 
(M, a) in the group Homeo(M) of homeomorphisms of M. A homeomorphism 
(j) belongs to this group if and only if there exists a sequence of strictly contact 
diffeomorphisms that uniformly converges to 4>. More generally, in this paper we 
define the topological automorphism group Aut(Af, a) of the contact form a as 
the subgroup of Aut(Af, ^) consisting of those homeomorphisms with topological 
conformal factor equal to zero. 

Definition 11.1 (Topological automorphism of the contact form). A homeomor- 
phism (j) G Aut(M, ^) belongs to the subgroup Aut(Af, a) C Aut(Af, called the 
topological automorphism group of the contact form a, if its unique topological 
conformal factor is equal to zero, 

Aut(M, = Aut(M, ^) I /i^ = 0} c Aut(Af, 

In other words, (p £ Aut(M, a) if there exists a sequence of contact diffeomorphisms 
with (f>*a = e^^a, such that the sequence (pi -converges to the homeomorphism 
(j), and the sequence of conformal factors hi converges uniformly to zero. 

As in the case of diffeomorphisms, 

Aut(M,a) Aut(M,^) n Homeo(M,7I„). 

By Theorem I6.13[ conjugation by Aut(M, a) preserves the group of topological 
strictly contact dynamical systems of (M, a), and in particular 

Homeo(M, a) < Aut(A'f, a), 

where Homeo(A/, q) denotes the group of time-one maps of topological strictly 
contact isotopies. The last statement appears in [BSllaj with the group Aut(M, a) 
replaced by Diff (M, a). Clearly Diff(Af,a) C Aut(M,a). In jBSlla) , it is shown 
that if the contact form a is regular, then Diff (M, a) C Homeo(M, a) C Diff (Af, a). 
The next two corollaries are consequences of Theorem 11.31 

Corollary 11.2. Let M be a contact manifold with a contact form a. Then 

Aut(Af, a) n Diff (Af ) = Diff (Af, a). 

The same statement also holds with Aut(Af, a) replaced by Diff(Af, a). 

Corollary 11.3 (Strictly contact C'^-rigidity). Let a be a contact form on a contact 
manifold (A/, ^). The group of strictly contact diffeomorphisms of (A/, a) is en- 
closed in the group of diffeomorphisms of M . In other words, suppose the sequence 
(pi of strictly contact diffeomorphisms uniformly converges to a homeomorphism (p 
of M , and assume that (p is smooth. Then (p is a diffeomorphism that preserves a. 



TOPOLOGICAL CONTACT DYNAMICS I 



33 



It is not difficult to see that the inclusions Diff (Af, ^) C Diff (Af) and Diff (Af, a) C 
Diff(Af, fia) are in fact proper, and by contact C'^-rigidity, this immediately implies 
Aut(M, ^) C Homeo(M) and Aut(Af, a) C Homeo(A/, /Iq,). The same statements 
hold for the identity components. 

As the given proofs clearly show, the rigidity results proved in this section are 
local statements, and thus local versions of these results hold. In particular, they 
generalize to open manifolds. We give the proof only for a local version of Propo- 
sition 16.91 

Proposition 11.4 (Local uniqueness of topological conformal factor). Let U C M 

be an open subset, and and ipi G Diff(Af) be two sequences with (j)*a = e^'a 
and — e^^a on U. Suppose that the sequences 4>~^ o ifji and o 0j converge 
to the identity uniformly on compact subsets of U , and moreover, the sequences hi 
and gi converge uniformly on compact subsets of U to continuous functions h and 
g, respectively. Then h = g on U . 

Note that we do not require the stronger assumption that the diffeomorphisms 
o ^/ij and ^j^^ o of M actually preserve the subset U, but only that for all 
X G U, limi (p~^ o %pi{x) = X = \iuYi o (j)i{x), and that this convergence is uniform 
on compact subsets of U. 

Proof. Let x E U, and choose open neighborhoods V and V' of x with compact 
closures, such that V G V' G V <Z U. By hypothesis, the diffeomorphisms o -^j 
converge to the identity uniformly on V, and in particular, (/)~^ o tpi{V) C V for 
i sufficiently large. Thus since hi and gi converge uniformly on V , the conformal 
factor gi — hiO 4)~^ o ijji converges to g — h uniformly on V. Arguing as in the proof 
of Proposition 16.91 '^s conclude g — h > on V, and in particular g(x) > h{x). 
Since x E U was arbitrary, this proves g > h on U. Again reversing the roles of g 
and h yields g < h, and hence the proof. □ 

Conversely, suppose the topological conformal factor h oi a topological automor- 
phism (/) is smooth. This does not necessarily imply that (j) is a (contact) diffeo- 
morphism. Indeed, when the contact form a is regular, there exist strictly contact 
homeomorphisms that are not smooth (or even C^) [BSllaj . 

Question 11.5 (Smooth topological conformal factor). Suppose the topological 
conformal factor h of the topological automorphism cj) is smooth. What can be 
said about the properties of the homeomorphism 0? Does there exist a contact 
diffeomorphism ip with ijj*a = e'^a? 

This question will be discussed in the next section. In |BanOO| , Banyaga defined 
an invariant ■ Diff (Af, ^) — !• C°°(Af) of a contact diffeomorphism 0, by assign- 
ing to it the conformal factor / = f^-i of its inverse. The map Da is a 1-cocycle, 
and the cohomology class [Da] in H^{DiS{M,^),C°°{M)) it represents does not 
depend on the contact form a. We call D^ Banyaga's cohomological conformal 
contact invariant. This invariant obviously generalizes to automorphisms of ^ by 
setting 

Da : Aut(A/, C\M), /, 



34 



S. MULLER & P. SPAETH 



where / = /</,-! is the unique topological conformal factor associated to the topo- 
logical automorphism £ Aut(M, ^). 

Proposition 11.6. The function Da is a 1-cocycle with values in C'^{M), whose 
cohomology class [Da] G i?^(Aut(M, C''(Af)) is independent of the contact form 
a defining ^. Moreover, if (j) is smooth, then Da{(t>) = Da{(t>)- 

Proof. The first statement follows at once from Theorem l6.91 Proposition lG.lll and 
Proposition 16. 121 The last part is a consequence of Theorem [131 O 

Let a be the conformal class of a tensor field on a smooth manifold M. The 
group Diff (M, a) of diffeomorphisms preserving a is called inessential jBanOO| if 
there exists a representative tensor t e cr, such that Diff (Af, a) = DifF(Af, r). If no 
such tensor in the conformal class a exists, the group is called essential. Banyaga 
proved that the group Diff(Af, ct) is inessential if and only if [Da] = 0. Along 
with some other classical structures, Banyaga showed that the group of contact 
diffeomorphisms is essential. Using a local argument and a cohomological equation, 
it is shown in [MS lib] that the group of contact diffeomorphisms of any contact 
manifold is in fact properly essential, i.e. 

|jDiff(Af,a) g Diff(M,^), 

a 

where the union is over all contact forms a with kera = ^. The topological auto- 
morphism group Aut(Af, ^) exhibits similar behavior. 

Theorem 11.7 (Proper essentiality). The group of topological automorphisms of 
the contact structure ^ is properly essential, i.e. 

(11.4) IJ Aut(M,a) g Aut(Af,0, 

a 

where the union is over all contact forms with kera = ^. The cohomology class 
[Da] e ff^(Aut(Af,^),C°(M)) is non-vanishing. 

Proof. On every contact manifold (M,^), there exists a contact diffeomorphism 
(p that does not preserve any contact form a with kera = ^ [MS lib) . Since 
Difr(Af,^) C Aut(Af,^), the diffeomorphism belongs to Aut(Af,^). If e 
Aut(Af, a) for some contact form a, then </> S Diff (A/, a) by Corollarv lll.2[ a 
contradiction. That proves equation (|11.4p . Suppose [Da] = 0, then there exists a 
continuous function / such that Da{4>) = f ^ f ° 4' ioi all (/). But it is shown in 
[MS lib) that for any (Af, ^), x G Af, and arbitrary constant k, there exist neigh- 
borhoods U G V of X, and a contact diffeomorphism 0, compactly supported in V, 
with Da{(t>) = k onU. In fact, a; is a fixed point of (f>, and Da{<p){x) — k for every 
contact form a. Since Da{4>) = Da{<f)), the final claim follows. □ 

Similarly, one shows that 

(J IIomeo(Af, a) C Homeo(Af, ^). 

a 

The cohomological equation that establishes proper essentiality of the conformal 
group Diff(Af, ^) is the following. Suppose </> G Diff(Af, ^), and a is a contact form 
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with kera = ^. Then (p*a = e^a for a smooth function h on M. Any other contact 
form on (M, ^) has the form a' — e^a for some smooth function / on M, and the 
diffeomorphism preserves a' if and only if 

(11.5) h = f-foc^. 

In other words, (f) preserves some contact form on (Af, if and only if there exists 
a smooth solution to the cohomological equation ()11.5|) fM Sllb] . As it turns out, 
it is often easier to find continuous solutions to this cohomological equation, or 
obstructions to the existence of continuous solutions of (|11.5|) . The following lemma 
complements the results in [MS lib) . 

Lemma 11.8. Suppose (j) € Diff(Af, with (j)*a = e^a, and f € C°(M) is a 
continuous solution to the cohomological equation ill .5]) . Then for every e > 0, 
there exists a contact form on (M,^), such that (p*ae = e^'a, and \hf\ < e. 

In other words, if there exists a smooth solution to the cohomological equation 
()11.5|) . then for an appropriate choice of contact form on [M, ^), the conformal factor 
of (j) vanishes. If the solution to (|11.5p is merely continuous, then by choosing the 
contact form appropriately, the conformal factor of <j) can be made arbitrarily small 
in the maximum norm. 

Proof. Choose a sequence of smooth functions fi that converges uniformly to the 
continuous function /, and write = e-^'a. The conformal factor of 4> with respect 
to ai equals h + {fi o (j) — f^^) ^ and this sequence of functions converges uniformly to 
^ + (/ ° ^ ./) = as z — > oo. □ 

12. Topological conformal factors and topological Reeb flows 

Recall that a necessary condition for the existence of a contact diffeomorphism 
tp such that ip*a — e'^a, is that the Reeb flows of a and e^a are (smoothly) 
conjugate. Thus on every closed contact manifold (M, ^), with any contact form 
a, there exists a smooth function h with the property that a and e^a are not 
diffeomorphic [MS lib) . Denote by {(!>%} the Reeb flow of the Reeb vector field 
R corresponding to the contact form a. The following lemma is a special case of 
Theorem 16.131 

Lemma 12.1. // G Aut(Af, ^) is a topological automorphism with topological 
conformal factor h, then the isotopy {(f)^^ o 0^ o 0} is a topological contact isotopy 
with topological contact Hamiltonian e^^ (and topological conformal factor given by 
h — h o o o (/)) . 

A partial answer to Question 111.51 is the following proposition. 

Proposition 12.2. // the topological conformal factor h of a topological automor- 
phism (j) is smooth, then the Reeb flows of the contact forms a and a' — e^a are 
topologically conjugate by the homeomorphism (j). 

Recall however that two topologically conjugate smooth (strictly contact) vector 
fields are not necessarily C^-conjugate [MSlla) . 
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Proof 1. Let R' be the Reeb vector field of a', and {(/>fl/} be its Reeb flow. The 
smooth vector fleld R' is contact with respect to the contact structure ^, and its 
smooth contact Hamiltonian with respect to the contact form a is the function 
a{R') = e~*^a'{R') — e~'^. By uniqueness of the topofogical contact isotopy associ- 
ated to a given topofogical contact Hamiltonian (in this case, the function H = e~^), 
the isotopies {4>~^ ° 0^ ° 0} and {<j)%} coincide. □ 

Lemma 12.3. If (j) (z A\it{M,^), and its topological conformal factor with respect 
to a contact form a vanishes, then <j) commutes with the Reeb flow {0^} of a at 
each time t. 

This result is proved in |BSllaj under the hypothesis that (f) is the time-one map 
of a topological strictly contact isotopy. 

Proof. The homeomorphism (p commutes with the timc-t map (/)^, if and only if 
4>~^ °4'r°4' = If the topological conformal factor of cj) vanishes, both topological 
contact isotopies correspond to the constant topological contact Hamiltonian H = 
1, and by uniqueness of the topological contact isotopy, they must coincide. □ 

Lemma 12.4. The topological contact isotopy {(f)^^ o (/)^ o cj)} depends only on the 
topological conformal factor of the topological automorphism (p. That is, if ^ ^ 
Aut(Af, ^) is another topological automorphism with the same topological conformal 
factor as <f), then 

Proof. Since by Proposition 16. Ill 6 o ip^'^ has topological conformal factor zero, 

(j)^^ O 0^ O (j) — ip^^ O (((/) O -0"^)""'" O 0^ O (0 O "0^^)) O Ip = Ip^'^ O 0^ O tp 

by the previous lemma. Alternatively, this follows directly from Lemma ll2.H since 
both isotopies correspond to the same topological contact Hamiltonian. □ 

Thus we may define the topological Reeb flow of e'^a, for any topological con- 
formal factor h. 

Definition 12.5 (Topological Reeb flow). Given a topological conformal factor h, 
the topological Reeb flow of the one-form e^a with continuous coefficients, is the 
topological contact isotopy ° 4'r° where R is again the Reeb vector field 
of the contact form a, and <p is any topological automorphism of ^ with topological 
conformal factor h. 

By the preceding lemma, this dcflnition does not depend on the particular choice 
of topological automorphism (p with topological conformal factor h. Moreover, we 
have seen in Proposition ll2.2l that if h is smooth, then this coincides with the usual 
deflnition of the Reeb flow. More generally, the definition does not depend on the 
choice of contact form either in the following sense. 

Lemma 12.6. Suppose (p G Aut(Af, is a topological automorphism with topo- 
logical conformal factor h with respect to a, a' = e^a is another contact form on 
(M,^), and'p € Aut(M, ^) is a topological automorphism with topological conformal 
factor h — f with respect to a' . Then ip~^ o (/)^ o (p = ip^"^ o 0^, o ip. 
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Proof. The topological automorphism cf) o ^ has topological conformal factor / 
with respect to the contact form a. Thus by Proposition 112.21 

(j>-^ o (j)]^ o (j> = -0"^ o {{(f) o ip^^y^ o (/)^ o (0 o ^-1)) 07/; = 7/1^^ O (f)]^, o^p. □ 

An alternate proof of Proposition 112.21 follows from a parameterized version of 
a theorem due to E. Opshtein |Ops09[ Theorem 1] that we now explain. Opshtein 
showed that if 5 and S" are smooth hypersurfaces of symplectic manifolds {W, lu) 
and {W ,Lu'), respectively, then a symplectic homeomorphism W — > W which sends 
S' to S interchanges the characteristic foliations of S' and S. Proof 1 for Propo- 
sition 112.21 suggests there exists a proof of Opshtein's Theorem for parameterized 
characteristic foliations using topological Hamiltonian dynamics. This is indeed the 
case under some additional hypotheses. 

Let S* be a compact and orientable hypersurface, and choose a compactly sup- 
ported smooth function H : W — > M, such that 1 is a regular value of H, and 
S C H~^{1) is a component of the regular level set of H. Such a function always 
exists. The leaves of the characteristic foliation of S are the unparameterized in- 
tegral curves of the Hamiltonian flow generated by the function H, independent of 
the particular choice of function H with the above properties. Since S is compact 
and regular, there exists an open and bounded neighborhood U of S, which is filled 
with a family of compact and regular hypersurfaces 5a C iJ^^(A) parameterized 
by the energy, where A belongs to an open interval / around 1. Moreover, each 
is diffeomorphic to S, which corresponds to the parameter value A = 1, and this 
defines a diffeoniorphism S x I —?' U. In these coordinates on U, the function H is 
given by H{x, A) = A. See for example Chapter 4 of |HZ94) for details. The family 
Sx, X € I is called a one-parameter family of hypersurfaces modeled on S. 

Theorem 12.7. Let S and S' be compact and orientable smooth hypersurfaces of 
symplectic manifolds {W,lu) and {W',uj'), S\ and S'^^ be one-parameter families of 
hypersurfaces modeled on S and S' , and H and H' be smooth functions defining 
parameterizations of the characteristic foliations of S\ and S'^, respectively. Then 
a symplectic homeomorphism (p: W' — >■ W that sends each S'-^ to the corresponding 
S\, interchanges the parameterized characteristic foliations of S\ and S'^ for all A. 

Proof. By the transformation law from jMO07] . the homeomorphism (p conjugates 
the topological Hamiltonian isotopies corresponding to the topological Hamiltonian 
functions H and H o (j>. By hypothesis, H{(j){x,X)) = A = H'{x,X) on U' . After 
multiplying H with a smooth cut-off function p{X) on / that equals 1 on an open 
subinterval J C /, we may assume H o (j> = H' on all of W . The uniqueness of the 
topological Hamiltonian isotopy from |MO07| implies the topological Hamiltonian 
isotopies corresponding to H' and H o 4> coincide. Thus </> interchanges the param- 
eterized characteristic foliations of 5^ and ^a for all A G J. Since J is arbitrary, 
this holds for all AG/. □ 

In fact, for the conclusion that the characteristic foliations of S' and S only 
are interchanged, instead of assuming sends each S'^ to S'a, it suffices that the 
function H o (p is smooth in an open neighborhood of S' . 
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Proof 2 of Proposition \12."A Denote by [W, w) and {W, lu') the symplectizations 
of (Af, a) and (M, a'), respectively, and let 4>: {W,uj) — )• {W,lo) be the lift of 
the topological automorphism </) to a symplectic homeomorphism (f) defined by 
(j){x,9) = {(j){x),0 — h{x)). Since h is smooth, the map (f)}^: {W,uj') (VF, w) de- 
fined in section|3]by [x, 9) i— >■ (a;, d + h{x)) is a symplectic diffeomorphism. Then the 
composition (jyocl)^!^: (W, lu') — )■ (W, uj) is a symplectic homeomorphism, which sends 
each hypersurface of the form Mg = M x {9} C M xR to itself. Let H{x, 9) = 
be the lift of the constant contact Hamiltonian H — 1 generating the Reeb flows 
of (M, a) and (M, a'). By Theorem II 2. 7[ the homeomorphism (po (pi^ interchanges 
the parameterized characteristic foliations of Mq with respect to uj and uj' . Thus 
the homeomorphism M M conjugates the Reeb flows of a and a'. □ 



Opshtein's proof of his theorem uses the notion of a symplectic hammer, which by 
definition is a symplectic isotopy of a symplectic manifold satisfying certain prop- 
erties. Since symplectic hammers are supported in Darboux balls, every smooth 
symplectic hammer is Hamiltonian, or a smooth Hamiltonian hammer. The correct 
generalization to continuous isotopies seems to be to topological Hamiltonian iso- 
topies as defined in [MOOT] , and satisfying the same properties as in Definition 1.1 
in |Ops09| . We call this a topological Hamiltonian hammer. Moreover, a topolog- 
ical symplectic hammer should be defined as the C'^-limit of smooth symplectic 
hammers. Indeed, part of the proof of Opshtein's main theorem requires the ap- 
proximation of a continuous symplectic hammer by a smooth symplectic hammer. 
All the results in |Ops09| hold with this notion of topological Hamiltonian or sym- 
plectic hammer replacing symplectic hammers. If two points in the intersection 
S' n -B of a symplectic hypersurface with a Darboux ball lie in the same character- 
istic, then there exists a smooth symplectic e-hammer between them for any small 
e > |Ops09| , and this hammer is of course a topological Hamiltonian (or sym- 
plectic) hammer. Conversely, if for each small e > 0, a topological Hamiltonian (or 
symplectic) e-hammer between two given points in the intersection S H B exists, 
they lie in the same characteristic. The proof is verbatim the same as in |Ops09| . 

An ad hoc definition of a symplectic -submanifold is the image of a smooth 
symplectic submanifold by a symplectic homeomorphism. By Opshtein's Theorem, 
one can define the topological characteristic foliation of a C°-symplectic hyper- 
surface S as the image of the characteristic foliation of any smooth symplectic 
hypersurface that is mapped to S* by a symplectic homeomorphism. This is well- 
defined, and coincides with the usual definition of characteristic foliation if S is 
smooth. In fact, Opshtein defines the characteristic foliation in terms of symplectic 
hammers, which gives rise to an equivalent definition of topological characteristic 
foliations. The unparameterized topological Reeb flow of e^a then coincides with 
the topological characteristic foliation of the symplectic C°-hypersurface (^{Mq) of 
the symplectization M x R of (Af, a), provided is a topological automorphism of 
{M, ^) with topological conformal factor h with respect to the contact form a. 



TOPOLOGICAL CONTACT DYNAMICS I 



39 



13. The sequels: topological contact dynamics II and III 

13.1. On the choice of contact metric. Hofer |Hof90j originally defined the 
'length' of a Hamiltonian isotopy of K^" with its standard symplectic structure, 
by the maximum oscillation over time of its unique compactly supported generating 
smooth Hamiltonian function, 



(13.1) ||i?||g^ofer = max max Hit, x) - min Hit, x) 

0<t<l 

Polterovich subsequently adopted the _L*^^'°°'-norm p.ip . and showed that these two 
definitions descend to equal pseudo-norms on the group of Hamiltonian difFcomor- 
phisms, i.e. if is a Hamiltonian difFeomorphism of a symplectic manifold (W,a;), 
then [PoIOT] 

inf J|i/||Hotcr - inf IliJllg;^,. 

Nondegeneracy follows from the energy-capacity inequality (jl.ll) . For smooth Hamil- 
tonian isotopies and ^f, generated by normalized smooth time-dependent 
Hamiltonian functions H and F, let 

-oo '^~-^-dwi<S>H,'i>F) + \\H#F\\Hofer = dw{'PH,'i>F) + \\H-F\\^,,,,, 



am v 



and consider the completion of the group of smooth Hamiltonian dynamical systems 
with respect to this stronger L°°-Hamiltonian metric. Obviously, the groups of 
time-one maps satisfy Hameo°"(VF, w) C Hameo(VF, w), since dham is controlled 
from above by but in fact the two groups are equal |Miil08b| . 

Rather than with the contact metric da , one may work with the stronger metric 
defined by 

c(*//,$f) = dA/($if,*F) + \h^f\ + \\H- F\r, 

where and are smooth contact isotopies, and 

(13.2) \\H\\°° = max ( msix Hit, x) - min Hit, x) + \ciHt)\\ . 

o<t<i \xeM xeM J 

We call a triple ($, H, h) a continuous contact dynamical system if it is the limit with 
respect to the metric c?^ of a sequence (<i>/f. hi) of smooth contact dynamical 
systems. Restricting the contact metric d'^ to the group of smooth strictly contact 
dynamical systems of (A/, a) similarly defines continuous strictly contact dynamical 
systems. Strictly contact isotopies and time-one maps were already studied in 
[BSllaj . All the results obtained in this paper for the group of topological contact 
dynamical systems also apply to continuous contact dynamical systems, with in 
many cases simpler proofs, since a limit contact Hamiltonian H is now a continuous 
time-dependent function on M . 

We adapt Polterovich's regularization scheme to contact and strictly contact 
isotopies, and show that after a C°°-small perturbation, every smooth contact iso- 
topy is regular, i.e. its generating contact Hamiltonian is not identically zero at 
each time t. After adapting and streamlining the reparameterization techniques in 
[MiilOSbi IMiilOSa) . we obtain the main lemma of part II. Every topological con- 
tact dynamical system is arbitrarily dc,-close to a continuous contact dynamical 
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system with the same time-one map, and in fact, the latter is smooth everywhere 
except possibly at time one. In particular, Homeo°°(M, ^) = Homeo(Af, ^) and 
Homeo°°(M, a) = Homeo(M, a) [MSllcj . The second identity was obtained in 
[BSllaj in the special case that a is a regular contact form. 

We also extend both the contact energy-capacity inequality and the Banyaga- 
Donato metric to the group of contact homeomorphisms and strictly contact home- 
omorphisms, respectively. 

13.2. On the contact Hamiltonian of a topological contact dynamical sys- 
tem. For a topological Hamiltonian dynamical system of a symplectic manifold, 
the converse to the uniqueness of the isotopy was proved by Viterbo and Buhovsky- 
Seyfaddini, that is, if ($, H) and F) are two topological Hamiltonian dynamical 
systems with equal topological contact isotopies, then the topological Hamiltonians 
H and F coincide. 

Lemma 13.1. Let (^i, Hi, hi) G C'DS{M,a) be a sequence of smooth contact dy- 
namical systems, converging with respect to the contact metric da to the topological 
contact dynamical system {^,H,h) € TC'DS{M,a). Then the following statements 
are equivalent. 

(i) Suppose {'^ i, Fi, fi) is another sequence of smooth contact dynamical sys- 
tems, converging with respect to the contact metric da to the topological 
contact dynamical system {^,F,f) € TCVS{M,a). If ^ = then H = F, 
and h — f . 

(ii) // $ is smooth, then H and h are smooth functions, $ = is the 
smooth contact isotopy generated by the smooth contact Hamiltonian H , 
and i(t>\j)*a = e'^^^^'^a. 

(iii) If^^ id, then H ^0, and h^O. 

Without statement (ii), the analogous statement for Hamiltonian isotopies is 
well-known and first appeared in |MO07j . A version including a statement similar 
to (ii) holds as well. 

Proof. We prove that (i) implies (ii). By contact rigidity, $ = $0 for a smooth 
contact Hamiltonian G, and (0^) Consider the constant sequence of 

smooth contact dynamical systems {"^i^Fi^fi) ~ {^Q,G,g). Statement (i) implies 
H = G and h = g, and the conclusion of statement (ii) holds. That (ii) implies 
(iii) is again obvious. Finally, we prove (iii) implies (i). Indeed, the smooth se- 
quence o vl'j, Hi^Fi, hi^fi) by assumption converges in the contact metric 
to the topological contact dynamical system {id, H^F, h^f), and the conclusion 
of statement (iii) yields H^F = and = 0. By equation (|6.3p . H — F and 
h^f. □ 

We have already seen in Corollarv 16.101 that if (id, H, h) is a topological contact 
dynamical system, then /i = 0. The scheme of proof in [BSllb] can then be adapted 
to the contact case. Details are to appear in another part of this series on topological 
contact dynamics. 
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Appendix A. An example on the standard contact three-sphere 

This example concerns the three-sphere with its standard contact structure, 
which in Hopf coordinates (^i, ^2, v) is the kernel of the one-form 

(A.l) a = ^ (sin2?7(i^i + cos^ryd^a) , 

where ^1 and ^2 & [0, 27r), and 77 e [0,7r/2]. The Reeb vector field is given by 
R — 2tt [d/dS^i -I- 9/9^2), and the volume form = a ^\ da — l/(27r^) • dVgtd- 

Proposition A.l. The contact lengths of the contact isotopies generated by the 
contact Hamiltonians H — icos^i, F — \, and H^F satisfy > 16 and 

W-^W = 11-^11 ^ 1' '^"■'^ hence the function S{^h,^f) = ^{^h^ ° ^f) does not obey 
the triangle inequality. Furthermore, \\H\\ = \\F\\ ~ 1 and \\Hj^F\\ = 2. Therefore 
neither does the symmetrization satisfy the triangle inequality. 

Proof. Obviously ||i7|| = ||F|| = ||i^|| = 1. In Hopf coordinates, the contact vector 
field generated by H is 

Xh = TT ^cosi^id^i -I- cos^i(i^2 + 2 sin^i cot rjdrj 

and thus the contact flow generated by Xh is the solution i h-^ 0^ = {£.i{t),£.2{t), ri{t)) 
of the system of ordinary differential equations 

ii{t) = 7rcos^i(t) 
S,2 [t) = TT COS ^1 [t) , and 
r]{t) = f sin^i(t) cot?7(t). 

Lemma A. 2. The solution to £,i{t) = 7rcos^i(t) satisfies 

^2g27rt _ 2Ae^^ 
(A.2) sinCiW = , , and cosei(t) = ±: 



"1 + A2e2^*' 

where A depends only on the initial condition < ^i(O) < 2tt. More explicitly, 
A = ± tan (^1 (0)/2 + 7r/4), where ^i(O) determines the sign of A uniquely. 

Proof. Separation of variables yields In |sec^i -I- tan^ij =7ri + C, — oo<C < +00. 
Thus if A = e*^, we see that (|X2l) holds. When t = 0, secCi(O) + tanCi(O) = ±A, 
and so 

^^^l + sm|(0)^^^^^ 
cosCi(O) 

The agreement of the signs above can be checked manually. □ 

As for estimating \\H\\, we have 
Lemma A. 3. The conformal factor ht, where [(p^jj)* a = e'^'a, satisfies 



1 + A2e2'^* ■ 
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Proof. Integration by parts, followed by a partial fraction decomposition and several 
algebraic manipulations produces 

Jo Jo 

dv — nt = Tit + In f 



proving the lemma. □ 
Therefore 

and hence \\H\\ — 1. 
Recall that 

iH#F)t ^Ht + (e^-F) o (0*,)-' = icosa +e'''°(*«)"\ 
The average value of H is zero, and the change of variables formula implies 



. , ...... = ^ / . , ...... 



S3 



The expression for A in Lemma IA.2I implies that 

1 + ^' 2 . 2 



> ^^r^ 7^ r^r-i = 



1 + A2e2'^* {e^^t + 1) + (£2^^* - 1) sin^i " {e^'^* + 1) + (62^^* - 1) • 1 
Consequently c{H^F)t > e^'^'^* and this in turn implies 



f'\cAH#F)t\ dt>^{l 

Jo -^7^ 



(A.3) / \c{H#F)^\dt> — (l^e 



-3tt\ 



The next task is to estimate the oscillation of the product Hamiltonian H^F 
from below. To that end, we compute 

osc {{H#F)t) = osc Q cos^i + e''*°('^«)"'^ = osc Q cos^iW + e^'^ > e'^'-e"'^*. 

The second equality follows from the fact that the oscillation is invariant under 
composition with i/)^, and the inequality follows by evaluating {H^F)t at points 
(37r/2, ^2, ??) and {tt/2,^2,v) G respectively. Thus 

(A.4) / osc {H#F)^dt> (e'^* - e-^*) = — — . 

Jo Jo 

Combining equations (jA.Sp and (|A.4I) yields 

\\H4F\\ > ^^^"^ + 37r (1 - e-3M > 16, 

TT 

and this proves the first claim of the Proposition. 

Finally, because F is a basic Hamiltonian and H = —H, Lemma 12.21 yields 



\H^F\\ = ||1 — H\\ = 2. The proof of the proposition is complete. □ 
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